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ENDOSCOPIC DECOMPOSITIONS AND THE HAUSEL–THADDEUS
CONJECTURE
DAVESH MAULIK AND JUNLIANG SHEN
Abstract. We construct natural operators connecting the cohomology of the moduli spaces
of stable Higgs bundles with different ranks and genera which, after numerical specialization,
recover the Hausel–Thaddeus conjecture concerning SLn- and PGLn-Higgs bundles. This
provides a complete description of the cohomology of the moduli space of stable SLn-Higgs
bundles in terms of the tautological classes, and gives a new proof of the Hausel–Thaddeus
conjecture, proven recently by Gro¨chenig–Wyss–Ziegler via p-adic integration.
Our method is to relate the decomposition theorem for the Hitchin fibration, using van-
ishing cycle functors, to the decomposition theorem for the twisted Hitchin fibration whose
supports are simpler.
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0. Introduction
0.1. Overview. Throughout, we work over the complex numbers C. Let C be a curve of
genus g ≥ 2. Let n, d be integers with n > 0 and gcd(n, d) = 1.
The cohomology of the moduli space N˜n,d of rank n degree d stable vector bundles on C has
been studied intensively for decades. By [1, 2], the cohomology H∗(N˜n,d,C) is generated by
the tautological classes — the Ku¨nneth factors of the Chern characters of a universal family.
Relations between the tautological classes were explored in [25, 14].
A natural moduli space closely related to N˜n,d is the moduli of stable SLn-bundles
Nn,L ⊂ N˜n,d
Date: August 20, 2020.
1
2 D. MAULIK AND J. SHEN
which parameterizes rank n stable vector bundles with fixed determinant L ∈ Picd(C). The
finite abelian group
Γ = Pic0(C)[n]
acts on Nn,L via tensor product, which induces a Γ-action on the cohomology H
∗(Nn,L,C).
The Γ-invariant part H∗(Nn,L,C)
Γ recovers the cohomology of the quotient Nn,L/Γ, which
can be viewed as the moduli space of stable PGLn-bundles. The tautological classes associated
with a universal family generate the Γ-invariant cohomology H∗(Nn,L,C)
Γ.
The following theorem by Harder–Narasimhan [18] shows that every class in H∗(Nn,L,C)
is Γ-invariant.
Theorem 0.1 (Harder–Narasimhan [18]). The Γ-action on H∗(Nn,L,C) is trivial.
As a consequence of Theorem 0.1, we obtain immediately that the tautological classes
generate the total cohomology H∗(Nn,L,C).
The purpose of this paper is to study the Γ-action on the cohomology of the moduli space
of stable SLn-Higgs bundles from the viewpoint of the Hausel-Thaddeus conjecture [20]. We
denote by Mn,L the (coarse) moduli space parameterizing stable Higgs bundles
(E , θ : E → E ⊗ ΩC) : det(E) = L, trace(θ) = 0
on the curve C. It is a nonsingular quasi-projective variety admitting a natural hyper-Ka¨hler
structure [24, 29]. As in the case of vector bundles, the group Γ acts on Mn,L via tensor
product
L · (E , θ) = (L ⊗ E , θ), L ∈ Γ.
The induced Γ-action on H∗(Mn,L,C) yields the following canonical decomposition
(1) H∗(Mn,L,C) = H
∗(Mn,L/Γ,C)⊕
⊕
κ 6=0
H∗(Mn,L,C)κ
where κ ∈ Γˆ = Hom(Γ,Gm) runs through all nontrivial characters of Γ, and H
∗(Mn,L,C)κ
denotes the κ-isotypic component. By [28] (and the isomorphism [8, (70)]), the tautological
classes associated with a universal family of Mn,L generate the Γ-invariant cohomology
H∗(Mn,L/Γ,C) = H
∗(Mn,L,C)
Γ.
However, contrary to Theorem 0.1, the Γ-variant part of (1) is nontrivial, and carries a rich
structure, predicted by topological mirror symmetry [20].
In this paper, we focus on the structure of H∗(Mn,L,C)κ for κ 6= 0. We introduce natural
operators which determine H∗(Mn,L,C)κ in terms of the cohomology of the moduli space
of stable GLr-Higgs bundles on a certain curve for some r ≤ n. These operators respect
the perverse and the Hodge filtrations, and, upon specialization to Hodge polynomials, they
recover the Hausel–Thaddeus conjecture [20]. In particular, this gives a new proof using
perverse sheaves of the Hausel–Thaddeus conjecture, which was recently proven by [16] using
p-adic integration.
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0.2. Hitchin fibrations. The moduli space Mn,L carries a Lagrangian fibration
(2) h :Mn,L → A =
⊕
i≥2
H0(C,Ω⊗iC )
given by Hitchin’s integrable system, which is now referred to as the Hitchin fibration. The
Γ-action onMn,L is fiberwise with respect to (2). There are two types of moduli spaces closely
related to the cohomological study ofMn,L from the perspective of mirror symmetry [20] and
representation theory [30, 31].
The moduli spaces of the first type are the fixed loci of an element γ ∈ Γ. For any γ ∈ Γ,
we denote by Mγ ⊂Mn,L the γ-fixed subvariety, which maps to the Hitchin base via
Mγ
hγ
−→ Aγ = Im(h|Mγ )
iγ
−֒→ A.
The Γ-action on Mn,L induces a Γ-action on Mγ .
The second type of moduli spaces are associated with a Galois cover π : C ′ → C of the
original curve given by γ ∈ Γ. We assume deg(π) = ord(γ) = m and n = mr. Let Mr,L(π)
be the moduli space parameterizing rank r stable Higgs bundles (E , θ) on C ′ such that
det(π∗E) = L, trace(π∗θ) = 0.
It admits a Hitchin fibration
hpi :Mr,L(π)→ A(π)
with a fiberwise Γ-action; see Section 1 for more details on these moduli spaces. From the
viewpoint of representation theory, the moduli spaces Mr,L(π) are related to the study of the
corresponding endoscopic groups for SLn [31]. They are nonsingular but disconnected. The
Galois group
Gpi = Aut(π) ≃ Z/mZ
acts on both the source Mr,L(π) and the target A(π), whose quotients recover Mγ and Aγ
respectively. We denote by
qA : A(π)→ Aγ
the quotient map of the base A(π).
0.3. Endoscopic decompositions. In order to understand the decomposition (1) sheaf-
theoretically, we consider the canonical decompositions of the direct image complexes
Rh∗C ∈ D
b
c(A), Rhγ∗C ∈ D
b
c(Aγ), Rhpi∗C ∈ D
b
c(A(π))
into eigen-subcomplexes with respect to the Γ-actions. Given a complex with a Γ-action and
a character κ ∈ Γˆ, we denote by ( )κ the κ-isotypic component. We call ( )st = ( )0∈Γˆ its stable
part, which is the subcomplex fixed by the Γ-action. The Weil pairing identifies canonically
the group Γ and its dual,
(3) Γˆ = Γ;
see Section 1.3.
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Our first result is the following theorem, which relates the stable part of the endoscopic
cohomology with the pullback of the κ-isotypic contribution for SLn.
Theorem 0.2 (Theorem 3.1). Let κ ∈ Γˆ and γ ∈ Γ be identified by (3), let π : C ′ → C
be the cyclic Galois cover associated with γ, and let dγ = codimA(Aγ). There are canonical
isomorphisms
(4) q∗A (Rh∗C)κ
≃
−→ (Rhpi∗C)κ [−2dγ ]
≃
−→ (Rhpi∗C)st [−2dγ ] ∈ D
b
c(A(π))
up to scaling (see Definition 2.9), where the first isomorphism is Gpi-equivariant.
The Galois equivariance of the first map in Theorem 0.2 implies the following theorem,
which provides a complete description of the κ-isotypic component of Rh∗C in terms of the
γ-fixed subvariety Mγ ⊂Mn,L.
Theorem 0.3 (Theorem 3.2). Let κ ∈ Γˆ and γ ∈ Γ be identified by (3), and let dγ =
codimA(Aγ). There is a canonical isomorphism
(5) cκ : (Rh∗C)κ
≃
−→ iγ∗
(
Rhγ∗C
)
κ
[−2dγ ] ∈ D
b
c(A)
up to scaling.
The construction of the operator
Ξ : q∗A (Rh∗C)κ
≃
−→ (Rhpi∗C)κ [−2dγ ]
realizing the first isomorphism of Theorem 0.2 is the main theme of this paper. It is of a
geometric nature, given by a combination of algebraic correspondences and vanishing cycle
functors. Since Ξ induces a correspondence between the κ-part of the cohomology of an SLn-
Hitchin fiber and the κ-part of the cohomology of the corresponding endoscopic Hitchin fiber,
we call Theorem 0.2 the endoscopic decomposition associated with SLn and the character κ.
A major difference between Theorem 0.2 and the work of Ngoˆ [31] and Yun [36] is that they
mainly work with D-twisted Hitchin fibrations with deg(D) > 2g − 2 or with just the elliptic
locus of the KC-twisted Hitchin fibration, while we are interested in entire space in the latter
setting. The structure of the supports of the direct image complexes is much more complicated
in the KC-case over the total Hitchin base; see [7].
In the following, we give some applications of Theorems 0.2 and 0.3.
0.4. Structure of the cohomology of Mn,L. Let κ ∈ Γˆ and γ ∈ Γ be identified by (3).
Let π : C ′ → C be the degree m cyclic Galois cover associated with γ. Assume n = mr. We
denote by M˜′r,d the moduli space of stable (GLr-)Higgs bundles
(E , θ) : rank(E) = r, deg(E) = d
on the curve C ′.
Recall the decomposition (1). The following theorem is a structural result forH∗(Mn,L,C)κ.
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Theorem 0.4 (Theorem 5.4). The operator (5) induces a surjective morphsim
pκ : H
i(M˜′r,d,C)։ H
i+2dγ (Mn,L,C)κ.
Moreover, let PkH
∗(M˜′r,d,C) and PkH
∗(Mn,L,C)κ be the perverse filtrations defined via the
Hitchin fibrations, then
pκ
(
PkH
i(M˜′r,d,C)
)
= Pk+dγH
i+2dγ (MDn,L,C)κ.
We refer to [10, 5] for perverse filtrations; see also Section 5.1 for a brief review.
If κ = 0, we have π = id : C
≃
−→ C. The operator pκ=0 in this special case recovers the
restriction map
j∗ : H i(M˜n,d,C)։ H
i(Mn,L,C)
Γ
associated with the embedding j :Mn,L →֒ M˜n,d = M˜
′
r,d.
By Markman’s theorem [28], the cohomology H∗(M˜′r,d,C) is generated by the tautological
classes associated with a universal family on M˜′r,d. Hence Theorem 0.4 shows that each isotypic
componentH∗(MDn,L,C)κ for κ 6= 0 is governed by the tautological classes of a different moduli
space of Higgs bundles through the operator pκ. More discussions concerning Theorem 0.4
and the P=W conjecture [5] are given in Section 5.
0.5. The Hausel–Thaddeus conjecture. In [20], Hausel and Thaddeus showed that the
moduli spaces of stable SLn- and PGLn-Higgs bundles are mirror partners in the sense of the
Strominger–Yau–Zaslow mirror symmetry. As a consequence, these two moduli spaces should
have identical Hodge numbers.
As explained in [20], the moduli space of degree d stable PGLn-Higgs bundles can be
realized as the quotient Mn,L/Γ which is naturally a Deligne–Mumford stack. Therefore,
Hausel–Thaddeus conjectured that, for any two line bundles L,L′ with
deg(L) = d, deg(L′) = d′, gcd(d, n) = gcd(d′, n) = 1,
the Hodge numbers ofMn,L are the same as the stringy Hodge numbers of the stack [Mn,L′/Γ]
(twisted by a certain gerbe α):
(6) hi,j(Mn,L) = h
i,j
st ([Mn,L′/Γ], α);
see [20, Section 4] for precise definitions of the gerbe α and the stringy Hodge numbers. Later,
Hausel further conjectured a refinement of (6): the Hodge numbers of H∗(Mn,L,C)κ coincide
with the stringy Hodge numbers of the sector [(Mn,L′)γ/Γ]. Here (Mn,L′)γ ⊂Mn,L′ is the γ-
fixed subvariety, and κ and γ are matched via (3). We refer to [22, Conjecture 4.5] concerning
Hodge numbers and [22, Conjecture 5.9] for a further refinement involving perverse filtrations.
The following theorem is a direct consequence of Theorem 3.3 which proves the conjectures
of Hausel–Thaddeus and Hausel mentioned above; see the formulation (1.2.2) and the appendix
in [27] for an explanation of how the right-hand side is equivalent to the gerby description
above.
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Theorem 0.5. Assume that κ and κ′ have the same order in Γˆ. Let γ and κ be matched via
(3). The following identity holds in the Grothendieck group of Hodge structures K0(HS):
(7) [PkH
i(Mn,L,C)κ] = [Pk−dγH
i−2dγ ((Mn,L′)γ ,C)κ′(−dγ)].
Here (•) stands for the Tate twist1, and each piece of the perverse filtrations admits a natural
Hodge structure by the theory of mixed Hodge modules.
Remark 0.6. By the last paragraph of [20, Proof of Proposition 8.2], the shift
dγ = codimA(Aγ) =
1
2
codimMD
n,L
(MDγ )
in (7) coincides with the “Fermionic shift” F (γ) in the formulation of Hausel and Thaddeus.
Hausel’s refined versions of the Hausel–Thaddeus conjecture were previously proven by
Gro¨chenig–Wyss–Ziegler [16, Theorem 7.24] by p-adic integration, and were generalized by
Loeser–Wyss [27, Remark 5.3.4] by motivic integration.
0.6. Idea of the proof. Our approach proceeds in two steps. We first show analogs of
Theorems 0.2 and 0.3 for the moduli spaceMDn,L of D-twisted SLn-Higgs bundles with degD >
2g− 2 (see Section 1 for precise definitions). As mentioned earlier, one expects this case to be
simpler than the original setting, due to work of Chaudouard–Laumon [12] and de Cataldo [6],
which determines the supports appearing in the decomposition theorem for the twisted Hitchin
map. After proving the corresponding support theorem for endoscopic moduli, we study the
endoscopic decomposition of Ngoˆ [31] and Yun [36] over the elliptic locus, and extend it over
the full twisted Hitchin base.
Unfortunately, this approach is not sufficient when D = KC , since the supports of the
Hitchin map remain mysterious [7]. Moreover, althoughMn,L embeds insideM
D
n,L for certain
effective divisor D with deg(D) > 2g − 2, we cannot simply pull back equation (4).
Instead, we realize Mn,L as the critical locus of a regular function
(8) µpi,M :M
D
n,L → A
1;
see Theorem 4.5. This allows us to express the cohomology of Mn,L as the vanishing coho-
mology of (8). In addition, since the function µpi,M factors through the Hitchin base, we can
use the vanishing cycles functor to relate the decomposition theorem for Mn,L in terms of
that for MDn,L. By applying this technique to the twisted version of equation (4), we obtain
the full result.
1Recall that for V ∈ K0(HS), we have h
i,j(V (•)) = hi+•,j+•(V ).
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0.7. Relation to other work. As discussed in Section 0.5, the Hausel–Thaddeus conjecture
as well as its refinments has been proven by Gro¨chenig–Wyss–Ziegler [16] via p-adic integration.
Using similar approach, they also gave a new proof of Ngoˆ’s geometric stabilization theorem
[17] which plays a crucial role in Ngoˆ’s proof of the fundamental lemma of the Langlands
program [31]. Our approach goes along the inverse direction — we prove the Hausel–Thaddeus
conjecture by extending Ngoˆ’s method [31, 36] in the proof the geometric stabilization theorem
via perverse sheaves and the support theorems. This carries out the proposal of Hausel in
[22, Section 5.4]. A benefit of the sheaf-theoretic approach is that it allows us to construct
concrete geometric operators which realize the Hausel–Thaddeus conjeture (Theorems 0.2 and
0.3) and which provide better understanding of H∗(Mn,L,C)κ for each non-trivial κ.
In the case of D-twisted Higgs bundles, our results (Theorems 3.1 and 3.2) remove a tech-
nical condition of [16, Theorems 7.21] on the parity of deg(D).
0.8. Acknowledgement. We are grateful to Mark Andrea de Cataldo, Michael Gro¨chenig,
and Zhiwei Yun for helpful discussions. D.M. would like to thank Chris and Martin Kratt for
providing logistical support. J.S. was supported by the NSF grant DMS-2000726.
1. Hitchin-type moduli spaces
In this section, we fix the curve C of genus g ≥ 2, the rank n, and the line bundle L ∈ Picd(C)
which serves as the determinant of the Higgs bundles as in Section 0.2. We study several
Hitchin-type moduli spaces relevant to Theorem 0.2.
1.1. D-Higgs bundles. For our purpose, it is important to consider generalized Higgs bun-
dles (E , θ) with the Higgs field θ twisted by a divisor D not necessarily the canonical divisor
KC . Such flexibility also plays a crucial role in the proof of the fundamental lemma [30, 31].
Let D either be an effective divisor of degree deg(D) > 2g − 2 or D = KC . A D-Higgs
bundle is a pair (E , θ) where E a vector bundle and θ is a D-twisted Higgs field
θ : E → E ⊗OC(D).
We denote by char(θ) the tuple of the coefficients for the characteristic polynomial associated
with (E , θ),
char(θ) = (a1, . . . , an), ai = trace(∧
iθ) ∈ H0(C,OC (iD)).
Parallel to the case of KC-Higgs bundles, the stability condition for D-Higgs bundles is with
respect to the slope µ(E) = deg(E)/rank(E). By [29], there is a nonsingular quasi-projective
moduli space M˜Dn,d parameterizing stable D-Higgs bundles of rank n, degree d, with the
Hitchin map
(9) h˜D : M˜Dn,d → A˜
D = ⊕ni=1H
0(C,OC (iD)), (E , θ) 7→ char(θ),
which is proper and surjective.
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The moduli space of stable SLn D-Higgs bundles is defined to be the subvariety
(10) MDn,L = {(E , θ) ∈ M˜
D
n,d; det(E) = L, trace(θ) = 0} ⊂ M˜
D
n,d.
It is nonsingular and irrducible by [6, Section 2.1], which has a Hitchin map induced from the
Hitchin map of the ambient space (9),
(11) hD :MDn,L → A
D = ⊕ni=2H
0(C,OC (iD)).
It is clear that the variety MDn,L is the fiber over the closed point (L, 0) of the smooth map
(12) q : M˜Dr,d → M˜
D
1,d = Pic
d(C)×H0(C,OC (D)), (E , θ) 7→ (det(E), trace(θ)).
A major difference between the D = KC case and the case of deg(D) > 2g − 2 is that, the
Hitchin fibration for either GLn or SLn is Lagrangian with respect to the canonical hyper-
Ka¨hler structure for D = KC , while the dimension of the Hitchin base is always larger than
the dimension of a fiber in the case of deg(D) > 2g − 2. In view of the support theorems
(Section 2.2), such a difference will influence substantially the study of the toplogy of Hitchin
fibrations.
From now on, all D-Higgs bundles will be uniformly called Higgs bundles for convenience.
1.2. Relative Hitchin modul spaces. In this section, we study the relative Hitchin moduli
space associated with a Galois cover π : C ′ → C. This parameterizes stable Higgs bundles
with respect to the endoscopic group of SLn attached to a character κ ∈ Γˆ; see [30, 31].
Let C ′ be a nonsingular curve with a cyclic Galois cover
π : C ′ → C
whose Galois group is Gpi ∼= Z/mZ. Assume D
′ = π∗D. For an element σ ∈ H0(C ′,OC′(D
′)),
the pushforward along π gives an element
π∗σ ∈ H
0(C, π∗OC′(D
′))
whose trace trace(π∗σ) recovers its projection to the direct summand component
trace(π∗σ) ∈ H
0(C,OC(D)) ⊂ H
0(C, π∗OC′(D
′)).
The moduli space M˜D
′
r,d(C
′) of rank r degree d stable Higgs bundles on C ′ admits a map
(13) qpi : M˜
D′
r,d(C
′)→ M˜D1,d(C)
which is the composition of (12) for the curve C ′ and the pushforward
(14) π∗ : M˜
D′
1,d(C
′)→ M˜D1,d(C), (L, σ) 7→ (det(π∗L), trace(π∗σ)).
2
Since both (12) and (14) are smooth, the composition qpi is also smooth.
2When we wish to be specific regarding the dependence of the moduli spaces on the underlying curve C or
C′, we add (C) or (C′) after the corrsponding moduli spaces.
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We define the relative Hitchin moduli space of rank r and degree d associated with π as the
subvariety of M˜D
′
r,d(C
′) given as a fiber of (13):
MDr,L(π) = q
−1
pi (L, 0) ⊂ M˜
D′
r,d(C
′).
The variety MDr,L(π), which recovers the SLn-Hitchin moduli space (10) when π = id, is
nonsingular due to the smoothness of qpi.
Next we describe the Hitchin fibration associated with MDr,L(π) which generalizes (11).
Recall from (9) the GLr-Hitchin fibration h
D′ : M˜D
′
r,d(C
′) → A˜D
′
(C ′) associated with the
curve C ′. The restriction of hD
′
to MDr,L(π) induces the Hitchin map
(15) hDpi :M
D
r,L(π)→ A
D(π)
which fits into the commutative diagram
(16)
MDr,L(π) M
D′
r,d(C
′)
AD(π) A˜D
′
(C ′).
hDpi hD
′
The Hitchin base AD(π) can be concretely described as
(17) AD(π) = H0(C ′,OC′(D
′))var ⊕
(
⊕ri=2H
0(C ′,OC′(iD
′))
)
where H0(C ′,OC′(D
′))var is the variant part with respect to the natural Galois group Gpi-
action induced by the Gpi-action on C
′; see [19, Section 5]. Since the line bundles OC′(iD
′)
have canonical Gpi-linearizations, there is a natural Gpi-action on the Hitchin base (17).
Proposition 1.1. We have the following properties.
(a) The moduli spaceMDr,L(π) is a disjoint union of m nonsingular isomorphic components
(18) MDr,L(π) =
m⊔
i=1
Mi.
(b) The restrictions of hDpi to all components hi : Mi → A
D(π) are AD(π)-isomorphic.
More precisely, for each pair 1 ≤ i, j ≤ m, there exists an isomorphism φij :Mi
≃
−→Mj
induced by tensoring with a line bundle Lij ∈ Γ satisfying the commuatative diagraom
(19)
Mi Mj
AD(π).
hi
φij
hj
Proof. Recall that MDr,L(π) is the fiber of
qpi = (π∗) ◦ q
10 D. MAULIK AND J. SHEN
(see (13)) over the point (L, 0) ∈ M˜D1,d(C). The map q is surjective and smooth, whose fibers
are isomorphic to the moduli of stable SLn-Higgs bundles of rank r and degree d. In particular,
each fiber of q is nonsingular and irreducible.
The morphism π∗ given in (14) respects the product strucutres
(20) π∗ : Pic
d(C ′)×H0(C ′,OC′(D
′))→ Picd(C)×H0(C,OC (D)),
where the morphism between the second factors form a trivial affine bundle. For the first
factors of (20), a fiber of π∗ : Pic
d(C ′)→ Picd(C) is isomorphic to the degree d Prym variety
associated with the Galois cover π : C ′ → C, which is the disjoint union of m isomorphic
abelian varieties; see [20, Section 7]. Hence the moduli space MDr,L(π) has m nonsingular
connected components.
Assume n = mr. Tensoring with a line bundle L ∈ Γ = Pic0(C)[n] induces an AD(π)-
automorphism
(21) φL :M
D
r,L(π)
≃
−→MDr,L(π), φL(E , θ) = (L ⊗ E , θ).
Moreover, for a general point a ∈ AD(π) corresponding to a degree n = rm spectral cover
ga : C
′
a → C
′ pi−→ C,
the fiber (hDpi )
−1
(a) is identical to a fiber of the morphism
ga∗ : Pic
d(C ′a)→ Pic
d(C), L 7→ det(ga∗L),
where Γ acts transitively on the set of its connected components (c.f. [19, Lemmas 2.1 and
2,2]). This ensures that Γ acts transitively on {Mi}1≤i≤m. In particular, for any pair 1 ≤
i, j ≤ m, there exits a line bundle Lij ∈ Γ such that the isomorphism φij = φLij given in (21)
satisfies the commutative diagram (19). (a) and (b) are proved. 
1.3. Weil pairing and cyclic covers. Recall from Section 0.2 that the group Γ = Pic0(C)[n]
acts on the SLn-moduli space M
D
n,L via tensor product. For γ ∈ Γ, the γ-fixed subvariety
MDγ ⊂M
D
n,L carries an induced Hitchin map
MDγ
hDγ
−−→ ADγ = Im(h
D|Mγ )
iDγ
−֒→ AD.
As indicated by Theorem 0.3, the cohomology of MDγ is related to a κ-isotypic component of
the cohomology of MDn,L with respect to the Γ-action.
In order to describe this connection, we need a correspondence (3) between an element
γ ∈ Γ and a character κ ∈ Γˆ, which we review as follows.
Let µn ⊂ Gm denote the finite group of the n-th roots of unity. We have the Weil pairing
on the group of n-torsion points of Pic0(C),
〈 , 〉Γ : Γ× Γ→ µn.
Under the identification
Pic0(C)[n] = H1(C,Z/nZ),
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the Weil pairing coincide with the intersection pairing on H1(C,Z/nZ). In particular, it is
non-degenerate, which induces a character
κ = 〈γ, 〉Γ : Γ→ µn ⊂ Gm
for each γ ∈ Γ. This gives the identification (3).
We also note that an element γ ∈ Γ naturally corresponds to a cyclic Galois cover of C
whose degree is the order of γ ∈ Γ. In fact, for fixed γ ∈ Γ, we denote by Lγ the n-torsion
line bundle associated with γ, and let m be its order which divides n. Taking the m-th roots
of unity fiberwise inside the total space of Lγ with respect to the zero section C, we obtain a
cyclic Galois cover
π : C ′ → C
with the Galois group Gpi = Z/mZ. Conversely, every degree m cyclic Galois cover arises this
way.
1.4. Characters. In this section we give a concrete description for the character κ in terms
of the Prym variety associated with the corresponding Galois cover π : C ′ → C.
As before, we assume that π : C ′ → C is a degree m Galois cover associated with κ ∈ Γˆ as
in Section 1.3, and we assume that n = mr. The character κ ∈ Γˆ matches with γ ∈ Γ via (3).
We consider the Prym variety
(22) Prym(C ′/C) = Ker
(
π∗ : Pic
0(C ′)→ Pic0(C)
)
with the component group
π0(Prym(C
′/C)) ≃ Z/mZ.
For a n-torsion line bundle L ∈ Γ, the projection formula yields
π∗π
∗c1(L) = mc1(L) ∈ Pic
0(C)[r].
In particular, the line bundle π∗L⊗r ∈ Pic0(C ′) represents a point in Prym(C ′/C)), which
yields a natural group homomorphism
(23) Γ→ π0(Prym(C
′/C)), L 7→ [π∗L⊗r] ∈ π0(Prym(C
′/C)).
The morphism (23) admits a factorization
Γ = Pic0(C)[n]
[r]
−→ Pic0(C)[m]→ π0(Prym(C
′/C)).
The first map above is the multiplication by r which is clearly surjective. The second map
sends L ∈ Pic0(C)[m] to the equivalent class of the line bundle π∗L ∈ Prym(C ′/C), and its
surjectivity is given by the proof of [19, Theorem 1.1 (2)]. Hence (23) is surjective.
Recall that γ ∈ Γ is of order m, so
γ ∈ Pic0(C)[m] ⊂ Γ.
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The following lemma is obtained by viewing the Weil pairing on Pic0(C)[i] for any i ∈ N, via
Poincare´ duality, as the intersection pairing
H1(C,Z/iZ)×H1(C,Z/iZ)→ Z/iZ ≃ µi.
Lemma 1.2. Assume γ′ ∈ Γ. Let 〈 , 〉Pic0(C)[m] denotes the Weil pairing on Pic
0(C)[m], and
we view rγ′ naturally as an element in Pic0(C)[m]. We have
〈γ, γ′〉Γ = 〈γ, rγ
′〉Pic0(C)[m].
Proposition 1.3. The character κ ∈ Γˆ factors through a character of π0(Prym(C
′/C)) of
order m via the morphism (23),
κ : Γ→ π0(Prym(C
′/C)) (≃ Z/mZ)→ Gm.
Proof. Recall from Section 1.3 that the character κ is given by the Weil pairing 〈γ, 〉Γ where
γ ∈ Γ corresponds to π. Since γ is of order m, i.e.,
γ ∈ Pic0(C)[m] ⊂ Γ,
Lemma 1.2 implies for any element γ′ ∈ Γ that
(24) κ(γ′) = 〈γ, γ′〉Γ = 〈γ, rγ
′〉Pic0(C)[m].
We consider the subgroup
K = Ker
{
π∗ : Pic0(C)→ Pic0(C ′)
}
⊂ Pic0(C).
It is the cyclic finite subgroup 〈γ〉 of Pic0(C) generated by γ. Since γ is of order m, we have
K ⊂ Pic0(C)[m]. By the proof of [19, Theorem 1.1 (1)], there is a canonical isomorphism
(25) π0(Prym(C
′/C)) = Kˆ,
which, for any L ∈ Pic0(C)[m], identifies [π∗L] ∈ π0(Prym(C
′/C)) with the character of K
sending the generator γ ∈ K to
〈γ,L〉Pic0(C)[m] ∈ µm ⊂ Gm.
Comparing with (24), this implies that κ : Γ → Gm is the composition of (23) and the order
m character of π0(Prym(C
′/C)) given by
γ ∈ K = Hom(π0(Prym(C
′/C)),Gm).
Here we dualize (25) in the last identity. This completes the proof. 
Since π0(Prym(C
′/C)) ∼= Z/mZ, its character group is also cyclic. We obtain the following
corollary of Proposition 1.3.
Corollary 1.4. A character ρ : Γ → Gm lies in the cyclic subgroup 〈κ〉 ⊂ Γˆ if and only if ρ
is induced by a character of π0(Prym(C
′/C)) factoring through (23).
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Now we consider the kernel of the morphism (23), which we denote by
(26) Ω ⊂ Γ.
The subgroup Ω acts on the moduli space Mr,L(π) via tensor product.
Lemma 1.5. The Ω-action on Mr,L(π) preserves each connected component Mi of (18).
Proof. Recall that MDr,L(π) is a fiber of
qpi = (π∗) ◦ q : M˜
D′
r,d(C
′)
q
−→ M˜D
′
1,d(C
′)
pi∗−→ M˜D1,d(C).
The fibers of the first map are connected. The second map respects the product structure
(20). Both the maps q and π∗ are Γ-equivariant. Hence the m connected components of (18)
matches the connected components of the degree d Prym variety
Prymd(C ′/C) = (π∗)
−1(L), π∗ : Pic
d(C ′)→ Picd(C).
Since Prymd(C ′/C) is a torsor of Prym(C ′/C) (defined in (22)), and by definition the group
Ω acts trivially on the component group π0(Prym(C
′/C)), we obtain that the action of Ω
preserves each connected component of Prymd(C ′/C). The proposition then follows from the
fact that the restriction of q to MDr,d(π)
q|(pi∗)−1(L,0) :M
D
r,L(π)→ (π∗)
−1(L, 0) = Prymd(C ′/C)×H0(C ′,OC′(D
′))var
is Ω-equivariant. 
1.5. Endoscopic moduli spaces and γ-fixed loci. In this section, we connect the γ-fixed
subvariety MDγ to the relative Hitchin moduli spaces introduced in Section 1.2.
We fix γ ∈ Γ of order m. Let π : C ′ → C be the cyclic Galois cover with the Galois group
Gpi = Z/mZ corresponding to γ as in Section 1.3. Assume n = mr. We consider the relative
Hitchin moduli space MDr,L(π) with the Hitchin fibration
(27) hDpi :M
D
r,L(π)→ A
D(π).
By [20, Proposition 7.1], the Galois group Gpi acts freely on the relative moduli space
MDr,L(π) whose quotient recovers the γ-fixed subvariety M
D
γ . The group Gpi also acts on the
base AD(π) with the Hitchin map (27) is Gpi-equivariant. In summary, we have the following
commutative diagrams
(28)
MDr,L(π) M
D
γ M
D
n,L
AD(π) ADγ A
D
qM
hDpi h
D
γ hD
qA iγ
where qM and qA are the quotient maps with respect to the natural actions of the Galois
group Gpi, and the left diagram is Cartesian.
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Lemma 1.6. The direct image complex
RhDpi ∗C ∈ D
b
c(A
D(π))
is Gpi-equivariant, and we have a canonical isomorphism(
qA∗Rh
D
pi ∗C
)Gpi ≃
−→ RhDγ ∗C ∈ D
b
c(A
D
γ ).
Proof. Since the trivial local system on MDr,L(π) is Gpi-equivariant, the pushforward qM∗C
along the quotient map qM admits a natural Gpi-action with a canonical isomorphism
(29) (qM∗C)
Gpi ≃−→ C ∈ Dbc(M
D
γ ).
The map hDpi is Gpi-equivalent, therefore we obtain in D
b
c(A
D
γ ) that(
qA∗Rh
D
pi ∗C
)Gpi
=
(
RhDγ ∗qM∗C
)Gpi
= RhDγ ∗ (qM∗C)
Gpi ≃−→ RhDγ ∗C
where the last isomorphim is induced by (29). 
2. Support theorems for Hitchin moduli spaces
2.1. Supports. Let f : X → Y be a proper morphism between nonsingular quasi-projective
varieties. The decomposition theorem by Berstein, Beilinson, Deligne, and Gabber [3] implies
that the direct image complex Rf∗C is (non-canonically) isomorphic to a direct sum of shifted
simple perverse sheaves,
(30) Rf∗C ≃
⊕
Zi
ICZi(Li)[di] ∈ D
b
c(Y ),
where di ∈ Z, Zi ⊂ Y is an irreducible subvariety, and Li is a local system on an open subset
Ui of Zi. Every Zi above is called a support of f : X → Y . We say that a direct summand F
of the object
Rf∗C = F ⊕ F
′
has full support if each perverse constituent ICZi(Li)[di] of F has support Zi = Y .
In this section, we analyze the supports of various Hitchin fibrations introduced in Section
1 when deg(D) > 2g − 2.
2.2. Support theorems. For the Hitchin fibration hD (resp. hDpi ), we define the elliptic locus
of the Hitchin bases AD (resp. AD(π)), denoted by AD,ell (resp. AD,ell(π)), to be the open
subset consisting of integral spectral curves.
Following the methods of Ngoˆ [31] and Chaudouard–Laumon [12], de Cataldo showed in
[6] that all the supports for the SLn-Hitchin fibration (11) are governed by the elliptic locus
AD,ell ⊂ AD when deg(D) > 2g − 2.
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Theorem 2.1 ([6, Theorem 1.0.2]). Let D be an effective divisor on C of degree deg(D) >
2g − 2. Then the generic points of the supports of
hD :MDn,L → A
D
are contained in AD,ell ⊂ AD.
Now we consider the Γ-action on the moduli space MDn,L. This action is fiberwise with
respect to the Hitchin map hD, which induces a canonical decomposition of the direct image
complex
(31) RhD∗ C =
⊕
κ∈Γˆ
(
RhD∗ C
)
κ
∈ Dbc(A
D);
see [26, Lemma 3.2.5]. We define the stable part
(
RhD∗ C
)
st
as the component in (31) corre-
sponding to the trivial character κ = 0 ∈ Γˆ.
Combining Theorem 2.1 with Ngoˆ’s support theorems over the elliptic loci [31, Theorems
7.8.3 and 7.8.5], we obtain the following complete description of the supports for every κ-part
of (31).
Corollary 2.2. The only support of
(
RhD∗ C
)
κ
is ADγ where γ corresponds to κ via (3).
The trivial character 0 ∈ Γˆ corresponds to 0 ∈ Γ, and AD0 = A
D. Hence as a special case
of Corollary 2.2, the stable part
(
RhD∗ C
)
st
has the full support AD.
We fix a character κ 6= 0 ∈ Γˆ of order m. Let π : C ′ → C be the cyclic Galois cover
associated with κ as in Section 1.3. Assume n = mr. By the projection formula, we have
det (π∗(π
∗L ⊗ E)) = det (L ⊗ π∗E) = L
⊗mr ⊗ det(π∗E) = det(π∗E)
for L ∈ Γ = Pic0(C)[n] and E a rank r vector bundle on C ′. Therefore, the group Γ acts on
the moduli space MDr,L(π) via tensor product
L · (E , θ) = (π∗L ⊗ E , θ), L ∈ Γ.
We have similarly a κ-decomposition as (31) for the Hitchin fibration (15) associated with
MDr,L(π),
RhDpi ∗C =
⊕
κ∈Γˆ
(
RhDpi ∗C
)
κ
∈ Dbc(A
D(π)).
The main result of this section is to prove a support theorem for the Hitchin map (15)
associated with π : C ′ → C.
Theorem 2.3. Let D be an effective divisor on C of degree deg(D) > 2g − 2. Assume that
the degree m Galois cover π : C ′ → C is associated with κ ∈ Γˆ via (3). Assume n = mr. Then
we have the following concerning the supports of the Hitchin map hDpi :M
D
r,L(π)→ A
D(π).
(a) The generic points of the supports of RhDpi ∗C are contained in the elliptic locus A
D,ell(π).
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(b) The stable part
(
RhDpi ∗C
)
st
has full support AD(π).
The validity of support theorems (Theorems 2.1 and 2.3) are the main ingredients in the
proof of the endoscopic decomposition in the twisted case of deg(D) > 2g− 2 when deg(D) is
even; see the proof of Theorem 3.3.
2.3. Weak abelian fibrations. We recall the notion of weak abelian fibration introduced in
[31], which is modelled on the properties of Hitchin fibrations.
We follow closely the exposition of [6, Section 2.6]. Let A be an irreducible nonsingular
variety. Assume that
h :M → A, g : P → A
are morphisms of the same relative dimensions dim(h) = dim(g) satisfying the following
properties:
(a) The map g : P → A is a smooth commutative group scheme with connected fibers;
(b) The map h is proper, and M nonsingular;
(c) The group scheme P acts on M fiberwise with affine stabilizers for every geometric
point of M .
We call a triple (M,A,P ) as above a weak abelian fibration, if the Tate module
T
Ql
(P ) = R2dg−1g!Ql(dg)
as an l-adic sheaf is polarizable; see [6, Section 2.6] the paragraph following Lemma 2.6.2.
Over a closed point a ∈ A, we consider the Chevalley decomposition for the restricted group
scheme Pa,
0→ P affa → Pa → P
ab
a → 0,
where P affa is the maximal connected affine linear subgroup of Pa and P
ab
a is an abelian variety.
We recall in the following the support inequality of Ngoˆ [31].
Theorem 2.4 ([31, Theorem 7.2.2]). Let (M,A,P) be a weak abelian fibration. Assume the
irreducible subvariety Z ⊂ A is a support of h :M → A, then
(32) dim(h)− dim(A) + dim(Z) ≥ dabZ (P ).
Here dabZ (P ) = dim(P
ab
a ) with a ∈ Z a general point.
2.4. Hitchin fibrations. Following [12, 6], we show that the Hitchin fibration
(33) hDpi :M
D
r,L(π)→ A
D(π)
associated with π : C ′ → C admits the structure of a weak abelian fibrations..
Recall the commuatative diagram (16). The GLr-Hitchin base A˜
D′(C ′) parametrizes spec-
tral curves in the total space V (D′) of the line bundle OC′(D
′). We assume that
(34) C → A˜D
′
(C ′)
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is the universal spectral curve. Let gC : Pic
0
C → A˜
D′(C ′) be the relative degree 0 Picard
scheme associated with (34), which acts on M˜D
′
r,d(C
′) via tensor product. The following result
is obtained in [12]; see also [6, Section 3] for a detailed review.
Proposition 2.5 ([12]). The triple
(35)
(
M˜D
′
r,d(C
′), A˜D
′
(C ′),Pic0C
)
, h˜D
′
: M˜D
′
r,d(C
′)→ A˜D
′
(C ′), gC : Pic
0
C → A˜
D′(C ′)
is a weak abelian fibration.
In order to study (33), we “fix the determinant” after pushing forward along π : C ′ → C.
Since the relative Hitchin moduli space MDr,L(π) is a closed fiber of (13), we consider the
morphism of AD(π)-group schemes
Npi : Pic
0
C ×A˜D′(C′) A
D(π)→ Pic0(C)×AD(π)
given by composition of the AD(π)-morphisms
Pic0C ×A˜D′(C′) A
D(π)→ Pic0(C ′)×AD(π)→ Pic0(C)×AD(π).
Here the first map is the restriction of the norm map Np ([6, (42)]) to A
D(π), and the second
map is
(L, a) 7→ (det(π∗L), a).
By the discussion of [6, Section 4.1], the map Npi is smooth. We let
(36) gpi : P → A
D(π)
be the kernel of Npi, and we let the group scheme g
0
pi : P
0 → AD(π) be the identity component
of P . The nonsingular group schemes P and P 0 act on MDr,L(π) induced by the Pic
0
C-action
on M˜D
′
r,d(C
′).
Proposition 2.6. The triple
(37)
(
MDr,L(π), A
D(π), P 0
)
, hDpi :M
D
r,L(π)→ A
D(π), g0pi : P
0 → AD(π)
is a weak abelian fibration.
Proof. The weak abelian fibration structure for (37) is essentially inherited from that for (35).
The proof is parallel to [6, Section 4]. Here we summarize some necessary minor modifications.
It is clear that (a) and (c) in Section 2.3 follow from the construction. We need to verify
(b), and show that the Tate module associated with gpi : P → A
D(π) is polarizable.
(i) Affine stabilizers. For a closed point in MDr,L(π) ⊂ M˜
D′
r,d(C
′), its stabilizer with respect
to the P 0-action on MDr,L(π) is a subgroup of the corresponding stabilizer with respect the
Pic0C-action on M˜
D′
r,d(C
′), whose affineness follows from the fact that (35) is a weak abelian
fibration.
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(ii) Polarizability of the Tate module. This follows from the proof of [6, Theorem 4.7.2]. In fact,
for a closed point a ∈ AD(π), the Tate module of the abelian part P aba is an orthogonal direct
summand component of T
Ql
(Pic0,abC,a ) with respect to the non-degenerate Tate-Weil pairing
on T
Ql
(Pic0,abC,a ). Hence the restriction of the Tate-Weil pairing on TQl
(Pic0C,a) to TQl
(P ) is
non-degenerate. 
By [12, Section 9] (see also [6, Section 5.2]), the GLr-Hitchin base admits a stratification
A˜D
′
(C ′) =
⊔
m,n
A˜m,n
with m = (m1,m2, . . . ,ms), n = (n1, n2, . . . , ns) satisfying
(a) ni ≥ ni+1 for any i;
(b) mi ≥ mi+1 whenever ni = ni+1;
(c)
∑s
i=1mini = r.
Each A˜m,n is a locally closed subset formed by spectral curves of the topological type (m,n):
(38) A˜m,n =
{
E ⊂ V (D′) : E =
∑
i
miEi, Ei ⊂ V (D
′)
}
where V (D′) is the total space of OC′(D
′) and Ei is an integral spectral curve of degree ni
over C ′. The stratification (38) induces a stratification on AD(π) ⊂ AD
′
(C ′),
AD(π) =
⊔
m,n
A(π)m,n, A(π)m,n = A
D(π) ∩ A˜m,n.
We have the following multi-variable inequality.
Proposition 2.7 (c.f. [6, Corollary 5.4.4]). Let Z ⊂ AD(π) be an irreducible subvariety whose
general points are of the type (m,n). Then we have
(39) dabZ
(
Pic0C
)
≥
∑
i
(
dh˜ni (C′)
− dA˜ni (C′)
)
+ dim(Z) + (deg(D)− g + 1) .
Here dh˜ni (C′)
and dA˜ni (C′)
are the dimensions of a fiber and the base respectively of the GLni-
Hitchin fibration (9) associated with the curve C ′ and the divisor D′ = π∗D, and
dabZ
(
Pic0C
)
= dim
(
(Pic0C,a)
ab
)
with a ∈ Z a general point.
Proof. The special case π = id is proven in [6, Corollary 5.4.4], whose proof works identically
for general π : C ′ → C. 
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2.5. Proof of Theorem 2.3 (a). The proof of Theorem 2.3 (a) is parallel to the proofs of
the main theorems in [12, 6], which we provide in the following for convenience. The crucial
ingredient is to combine Ngoˆ’s support inequality (32) and the multi-variable inequality (39).
We assume Z ⊂ AD(π) is an irreducbile support of (33) whose general points have types
(m,n). By Theorem 2.4, Proposition 2.6, and Proposition 2.7, we have
dim(hDpi )−dim(A
D(π)) + dim(Z) ≥ dabZ
(
Pic0C
)
− g
≥
∑
i
(
dh˜ni (C′)
− dA˜ni (C′)
)
+ dim(Z) + (deg(D)− g + 1)− g
where we use dab(Pa) = d
ab
a (Pic
0
C,a)− g. Hence
(40) dim(hDpi )− dim(A
D(π)) ≥
s∑
i=1
(
dh˜ni (C′)
− dA˜ni (C′)
)
+ (deg(D)− 2g + 1).
Both sides of (40) are determined by GL∗-Hitchin fibrations whose dimension formulas are
known; see [6, Section 6.1]. In particular, (40) implies that
(41) 1− s ≥
(
r −
∑
i
ni
)(
deg(D′)− (2g′ − 2)
)
where g′ is the genus of C ′. Since
deg(D′)− (2g′ − 2) = deg(π)(deg(D)− (2g − 2)) > 0
by the assumption on D, the inequality (41) forces that s = 1 and m1 = 1. This implies that
the generic point of Z lies in AD,ell(π), which completes the proof of Theorem 2.3 (a). 
2.6. Proof of Theorem 2.3 (b). Due to Theorem 2.3 (a), it suffices to prove (b) over the
elliptic locus with respect to the restricted Hitchin map
(42) hellpi = h
D
pi |AD,ell(pi) :M
D,ell
r,L (π)→ A
D,ell(π).
Recall the group scheme (36) of the relative Prym variety. By the support theorem [31,
Propositions 7.2.2 and 7.2.3], we only need to show that the constructible sheaf of the top
degree cohomology
(43)
(
R
2d
hDpi hellpi ∗C
)
st
, dhDpi = dim(h
D
pi )
is the trivial local system on the full base AD,ell(π).
It is clear that (43) contains the trivial local system given by the sum of point classes for
all irreducible components of the fibers of (42). Hence it suffices to prove that the stable part
of the degree 2dpi cohomology group is 1-dimensional for each fiber of (42).
Assume a ∈ AD,ell(π). Let C ′a be the corresponding integral spectral curve with the spectral
cover
(44) C ′a
pa
−→ C ′
pi
−→ C.
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The Hitchin fiber MDr,d(π)a contains an Zariski dense open subset
Mrega ⊂M
D
r,L(π)a
parameterizing line bundles on the spectral curve C ′a, which is a torsor of the group scheme
Pa. Hence M
D
r,L(π)a has |π0(Pa)| irreducible components.
We fix a base point in x ∈ Mrega . Since M
reg
a is a torsor of the group scheme Pa, the
π0(Pa)-action on x yields an isomorphism
[x] : π0(M
reg
a )
≃
−→ π0(Pa),
which further induces
(45) H
2d
hDpi
(
MDr,L(π)a,C
)
=
⊕
v∈pi0(Pa)
Cv.
The action of Pa on the cohomology H
∗
(
MDr,L(π)a,C
)
factors through the group π0(Pa) of
connected components, which acts naturally on the righthand side of (45). In particular, the
action of the discrete subgroup Γ ⊂ Pa on (45) factors through the natural action of π0(Pa).
By the proof of [19, Theorem 1.1 (2)], the morphism
Γ = Pic0(C)[n]։ π0(Pa)
induced by the pullback p∗a ◦ π
∗ along (44) is a surjection. Therefore we obtain that
H
2d
hDpi
(
MDr,L(π)a,C
)
st
= H
2d
hDpi
(
MDr,L(π)a,C
)Γ
⊆ H
2d
hDpi
(
MDr,L(π)a,C
)pi0(Pa)
= C,
where the last eqaulity is given by the π0(Pa)-equivariant isomorphism (45). This implies
(46)
(
R
2d
hDpi hellpi ∗C
)
st
= C
and completes the proof of (b). 
Remark 2.8. The vector space
H
2d
hDpi
(
MDr,L(π)a,C
)
st
= H
2d
hDpi
(
MDr,L(π)a,C
)Γ
may fail to be 1-dimensional when a ∈ AD(π) \ AD,ell(π). In particular, the constructible
sheaf
(
R
2d
hDpi hDpi ∗C
)
st
is not a rank 1 local system over the total Hitchin base AD(π). Hence
the proof of Theorem 2.3 (b) relies heavily on the support theorem — Theorem 2.3 (a).
2.7. Transfer from the κ-part to the stable part. In Section 2.7, we assume that D is
an effective divisor of degree deg(D) > 2g − 2 or D = KC . Our main purpose is to prove
Proposition 2.10 which allows us to transfer naturally from the κ-part to the stable part of
the complex RhDpi ∗C. This extends [36, Proposition 2.3.2] to the total Hitchin base for certain
endoscopic Hitchin moduli spaces associated with SLn. We note that this transfer does not
rely on the support theorem.
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Recall the decomposition (18) of Proposition 1.1 (a). By Lemma 1.5, the group Ω (in-
troduced in (26)) acts on each direct image complex Rhi∗C, and we consider its Ω-invariant
part
(Rhi∗C)
Ω ∈ Dbc(A
D(π)).
For any pair 1 ≤ i, j ≤ m, the isomorphism of Proposition 1.1 (b)
φij = φLij :Mi
≃
−→Mj , (E , φ) 7→ (E ⊗ Lij, θ)
induced by a line bundle Lij ∈ Γ yields an isomorphism
φ∗ij : Rhj∗C
≃
−→ Rhi∗C.
It preserves the Ω-invariant parts,
(47) φ∗ij : (Rhj∗C)
Ω ≃−→ (Rhi∗C)
Ω.
We note that the isomorphism (47) only depends on the class of the line bundle Lij ∈ Γ in
the quotient group
π0(Prym(C
′/C)) = Γ/Ω.
Hence the Γ-action on
⊕m
j=1(Rhj∗C)
Ω passes through π0(Prym(C
′/C)). Since the group Ω
preserves each component Mi, it follows from Proposition 1.1 (b) that the elements of the
cyclic group π0(Prym(C
′/C)) = Γ/Ω acts transitively on the set {Mi}
m
i=1. We may view
π0(Prym(C
′/C)) as the group of connected components ofMDr,L(π). For any fixed 1 ≤ i0 ≤ m,
the isomorphisms (47) yields a canonical π0(Prym(C
′/C))-equivariant isomorphism
(48)
m⊕
j=1
(Rhj∗C)
Ω = (Rhi0∗C)
Ω ⊗
 ⊕
v∈pi0(Prym(C′/C))
Cv

where the action on the righthand side is the natural one.
Before stating Proposition 2.10, we introduce the following definition for convenience.
Definition 2.9. Let X be an algebraic variety, and let F1,F2 ∈ D
b
c(X) be two objects. We
say that two morphisms
f1 : F1 → F2, f2 : F1 → F2
are equivalent up to scaling, if there exists λ ∈ C∗ such that f1 = λf2. We say that two objects
F1 and F2 are canonically isomorphic up to scaling, if there is a set of natural isomorphisms
fi : F1
≃
−→ F2 which are all equivalent up to scaling.
Proposition 2.10. Let D be an effective divisor on C of degree deg(D) > 2g−2 or D = KC .
Assume that π : C ′ → C is the degree m Galois associated with γ ∈ Γ, which corresponds
to the character κ ∈ Γˆ via (3). Assume n = mr. Then for any two elements κ1, κ2 in the
cyclic group 〈κ〉 ⊂ Γˆ generated by κ, there is a canonical isomorphism up to scaling for the
corresponding isotypic components:
(49)
(
RhDpi ∗C
)
κ1
=
(
RhDpi ∗C
)
κ2
.
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In particular, we have a canonical isomorphism(
RhDpi ∗C
)
κ
=
(
RhDpi ∗C
)
st
.
up to scaling.
Proof. We consider the Ω-invariant part
(50)
(
RhDpi ∗C
)Ω
∈ Dbc(A
D(π))
of the direct image complex RhDpi ∗C. On one hand, the group Ω acts on each complex Rhi∗C
and we have
(51)
(
RhDpi ∗C
)Ω
=
m⊕
j=1
(Rhj∗C)
Ω.
On the other hand, by Corollary 1.4, an isotypic component
(
RhDpi ∗C
)
κ′
contributes to (50) if
and only if κ′ lies in 〈κ〉. Hence
(52)
(
RhDpi ∗C
)Ω
=
⊕
κ′∈〈κ〉
(
RhDpi ∗C
)
κ′
.
Combining (48), (51), and (52), we obtain a natural π0(Prym(C
′/C))-equivariant isomorphism
⊕
κ′∈〈κ〉
(
RhDpi ∗C
)
κ′
= (Rhi0∗C)
Ω ⊗
 ⊕
v∈pi0(Prym(C′/C))
Cv
 .
In particular, if we take the κ′-parts on both sides, since the κ′-part of the regular represen-
tation is one-dimensional, this yields a natural isomorphism up to scaling
(53) fi0,κ′ :
(
RhDpi ∗C
)
κ′
≃
−→ (Rhi0∗C)
Ω.
This gives an isomorphism (49) up to scaling, which, a priori, still depends on the choice of
1 ≤ i0 ≤ m.
Different choices of i0 influence the isomorphism (49) via the action of an element
g ∈ Γ/Ω = π0(Prym(C
′/C))
on both objects of (53). After isolating the κ′-isotypic component, we conclude this only
changes the isomorphism (49) by a possible scalar ambiguity. 
2.8. Independence of the degree. Assume deg(D) > 2g − 2. As another application of
Ngoˆ’s support theorem, we show that the Gpi-equivariant complex
(54)
(
RhDpi ∗C
)
κ′
∈ Dbc(A
D(π))
is independent of the determinant L ∈ Picd(C) for any κ′ ∈ 〈κ〉 as in Proposition 2.10.
Due to Theorem 2.3 (b) and Proposition 2.10, the object (54) has full support AD(π).
Hence (54) is completely determined by its restriction to the open subset U sm ⊂ AD(π) where
the spectral curves are nonsingular.
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Ngoˆ’s analysis of supports for direct image complexes [31, Section 7] works for each κ′-part
(see [31, Proposition 7.2.3]). In particular, as a corollary of the “freeness” [31, Proposition
7.4.10], the isomorphism class of the restriction of (54) to U sm is determined by the group
scheme P 0|Usm of (37) and the constructible sheaf
(55)
(
R
2d
hDpi hDpi ∗C
)
κ′
∣∣∣
Usm
∈ Shc(U
sm)
which are both equipped with the Gpi-actions. See [11, Appendix] for a precise form expressing
(54) in terms of the direct image complex associated with
g0pi
∣∣∣
Usm
: P 0|Usm → U
sm
and (55).
The following proposition will only be used in Section 5.5.
Proposition 2.11. Assume deg(D) > 2g − 2. The isomorphism class of the Gpi-equivariant
object (54) does not depend on the degree d and the line bundle L ∈ Picd(C) as long as
gcd(n, d) = 1. Moreover, its dependence on κ′ only relies on the order of κ′ ∈ 〈κ〉.
Proof. It suffices to show that the isomorphism class of the Gpi-equivariant sheaf (55) does not
depend on the determinant L ∈ Picd(C) of the Higgs bundles, and only depends on the order
of the character κ′.
For notational convenience, we assume e = 2dhDpi . After restricting to U
sm we have(
RehDpi ∗C
)
κ′
=
(
RehDpi ∗C
)
st
≃ C
by Proposition 2.10 and (46). Since (55) is a trivial local system of rank 1, the Gpi-equivariant
structure on (55) is equivalent to a character
χG : Gpi → Gm.
The isomorphism class of the Gpi-structure on (55) only relies on the order of χG.
Now we consider the constructible sheaf
(56) RehDpi ∗C
∣∣∣
Usm
∈ Shc(U
sm)
with the Gpi-equivariant structure.
By Proposition 1.1 (b), the sheaf (56) is a trivial local system of rank m (corresponding to
them connected components ofMDr,L(π)). We may view (56) as anm-dimensional vector space
V ≃ Cm on which the groups Gpi and Γ act. The two cyclic group actions are commutative,
so the decompositions of V into isotypic compoenents with respect to the Γ-action and the
Gpi-action coincide.
To prove the proposition, it suffices to show that the Gpi-character
χG : Gpi → GL(Vκ′) ≃ Gm
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for the 1-dimensional κ′-isotypic component Vκ′ ⊂ V has the same order as κ
′ ∈ Γˆ. This
follows from [20, Proposition 7.4] on the description of the group actions of Γ and Gpi on
the m components of the Prym variety Prymd(C ′/C), which are identified with m connected
components of
MDr,L(π) =
m⊔
i=1
Mi. 
The constraint deg(D) > 2g − 2 will be removed by Remark 4.8, despite the fact that we
no longer have full supports in that case.
3. Endoscopic decompositions
3.1. Overview: main results. In Sections 3 and 4, we estabish a generalized version of
Theorem 0.2 for any divisor D with deg(D) > 2g − 2 or D = KC .
Let D be as above, and let π : C ′ → C be a degree m cyclic Galois cover with n = mr.
Recall the Hitchin fibrations
hD :MDn,L → A
D, hDpi :M
D
r,L(π)→ A
D(π),
the fiberwise Γ-actions, and the corresponding κ-decompositions. The Galois group Gpi acts
naturally onMDr,d(π) and A
D(π) such that the Hitchin map hDpi is Gpi-equivariant; see Section
1.5. By Lemma 1.6, the direct image complex RhDpi ∗C is Gpi-equivariant, so is each κ-isotypic
part (
RhDpi ∗C
)
κ
∈ Dbc(A
D(π))
due to the commutativity of the Γ- and the Gpi- actions. We also note that
q∗A
(
RhD∗ C
)
κ
∈ Dbc(A
D(π))
obtained as the pullback of an object along the Gpi-quotient map
qA : A
D(π)→ ADγ
is naturally Gpi-equivariant.
The following theorem is the main result of this paper.
Theorem 3.1. Let κ ∈ Γˆ and γ ∈ Γ be identified by (3), let π : C ′ → C be the Galois
cover associated with γ, and let dDγ = codimAD(A
D
γ ). There are canonical isomorphisms up
to scaling:
(57) q∗A
(
RhD∗ C
)
κ
≃
−→
(
RhDpi ∗C
)
κ
[−2dDγ ]
≃
−→
(
RhDpi ∗C
)
st
[−2dDγ ] ∈ D
b
c(A
D(π))
with the first isomorphism Gpi-equivariant.
The second isomorphism(
RhDpi ∗C
)
κ
[−2dDγ ]
≃
−→
(
RhDpi ∗C
)
st
[−2dDγ ]
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is obtained immediately from Proposition 2.10. Hence Theorem 3.1 is equivalent to the fol-
lowing theorem.
Theorem 3.2. Let iDγ : A
D
γ →֒ A
D be the closed embedding. With the same notation as in
Theorem 3.1, there is a canonical isomorphism up to scaling:
(58) cDκ :
(
RhD∗ C
)
κ
≃
−→ iDγ ∗
(
RhDγ ∗C
)
κ
[−2dDγ ] ∈ D
b
c(A
D).
Proof. Assume Theorem 3.2 holds. The pullback of cDκ along the Gpi-quotient map
qA : A
D(π)→ ADγ
recovers the Gpi-equivariant isomorphism
(59) q∗A
(
RhD∗ C
)
κ
≃
−→
(
RhDpi ∗C
)
κ
[−2dDγ ].
The converse follows from Lemma 1.6 by pushing forward (59) and taking the Gpi-invariant
parts on both sides. 
Theorem 3.1 recovers Theorem 0.2 when D = KC . When deg(D) > 2g − 2, Theorems 3.1
and 3.2 provide a concrete description of the contribution of each support ADγ to
RhD∗ C ∈ D
b
c(A
D).
This enhances the main theorem of de Cataldo [6].
As discussed above, for proving Theorem 3.1, we only need to construct Gpi-equivariant
isomorphisms
ΞD : q∗A
(
RhD∗ C
)
κ
≃
−→
(
RhDpi ∗C
)
κ
[−2dDγ ],
which we treat in this section for the following special cases.
Theorem 3.3. Theorem 3.1 holds when deg(D) is even and greater than 2g − 2.
In Section 4, we reduce the other cases of Theorem 3.1, which includes the possibly most
interesting case D = KC , to Theorem 3.3.
3.2. Spectral curves and line bundles. Recall the universal spectral curve (34) for GLr-
Higgs bundles over the curve C ′. We denote its restriction to the subspace AD(π) ⊂ AD
′
(C ′)
to be
(60) Cpi → A
D(π).
The morphism (60) is Gpi-equivariant with respect to the natural Galois group Gpi actions on
both the base AD(π) and the universal curve Cpi.
We consider the largest Zariski open subset
A♥(π) ⊂ AD(π)
such that:
(a) The action of Gpi is free on A
♥(π);
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(b) The restriction of the spectral curves (60)
(61) C♥pi → A
♥(π)
is smooth.
By taking the Gpi-quotients, the family (61) descends to a family of nonsingular curves
(62) C♥γ → A
♥
γ
where A♥γ = A
♥(π)/Gpi is an open dense subset of ADγ = A
D(π)/Gpi . We denote by
(63) C◦γ → A
♥
γ
the restriction of the universal SLn-spectral curves over A
D to A♥γ . The families (62) and (63)
are connected by the following lemma.
Lemma 3.4. There is a natural A♥γ -morphism
(64)
C♥γ C
◦
γ
A♥γ
uC
whose restriction to each closed fiber
ua : C
♥
γ,a → C
◦
γ,a, a ∈ A
♥
γ
is a normalization of curves.
Proof. We first recall the construction of [19, Section 5.1] that, for a given degree r spectral
curve C ′α → C
′ lying in V (D′), there is a natural birational morphism
C ′α → Cα
with Cα a degree n spectral curve over C lying in the total space V (D). In fact, given C
′
α → C
′,
let
g∗C ′α → C
′
be another degree r spectral cover over C ′ obtained as the pullback of C ′α → C
′ along the
Galois automorphism
g : C ′
≃
−→ C ′, g ∈ Gpi.
The Gpi-invariant curve
C˜ ′α =
⋃
g∈Gpi
g∗C ′α
is a degree n(= mr) spectral cover over C ′, which descends to a degree n spectral cover
Cα → C via taking the Gpi-quotient. Moreover, we see from the construction of ΦΓ in [19,
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Section 5.1] that the point [C ′α] ∈ A
♥(π) maps to [Cα] ∈ A
♥
γ via the natural quotient map
qDA : A
♥(π)→ A♥γ . The composition
C ′α →֒ C˜
′
α → Cα
is birational, hence it is a normalization by the smoothness of C ′α.
The construction above works for families of spectral curves over the Hitchin bases. Hence
we obtain a commutative diagram
C♥pi C
◦
γ
A♥(π) A♥γ
qA
where the left vertical morphism is Gpi-equivariant, and the horizontal morphisms are Gpi-
quotient maps. The lemma follows from descending the left vertical arrow. 
For a closed point a ∈ A♥γ , we denote the corresponding spectral curves over C
′ and C to
be C ′a and Ca with the morphism
ua : C
′
a → Ca
given by Lemma 3.4. We consider the commutative diagram
(65)
C ′a Ca
C.
s′a
ua
sa
Here sa : Ca → C is the spectral cover over C, and s
′
a : C
′
a → C is the composition of the
spectral cover C ′a → C
′ and the cyclic Galois cover π : C ′ → C. Both s′a and sa are finite of
degree n.
We also consider the following line bundles
ωpi,a = det(s
′
a∗OC′a) ∈ Pic(C), ωa = det(sa∗OCa) ∈ Pic(C).
The line bundle ωpi,a is defined for every spectral curve over A
D(π), which gives a family of line
bundles over the affine space AD(π). Hence it is constant over AD(π) and does not depend
on the choice of the spectral curve. Similarly, the line bundle ωa is also independent of the
spectral curve over C. So we may write
ωpi = ωpi,a, ω = ωa.
The following lemma is obtained via a direct calculation.
Lemma 3.5. We have
deg(ωpi) = n(r − 1)
deg(D)
2
, deg(ω) = n(n− 1)
deg(D)
2
.
In particular, if deg(D) is even, both line bundles ωpi and ω have degrees divisible by n
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The following lemma concerns pushing forward a line bundle N ∈ Pic(Ca) and its pullback
u∗aN ∈ Pic(C
′
a)
to the curve C.
Lemma 3.6. With the same notation as in (65), we have
det(sa∗N ) = det(s
′
a∗u
∗
aN )⊗ ω ⊗ ω
−1
pi .
Proof. Recall the norm maps
Nm : Pic(C ′a)→ Pic(C), Nm : Pic(Ca)→ Pic(C)
from [19, Section 3]. By [19, Lemma 3.4], we have
Nm(N ) = Nm(u∗aN ).
Then [19, Corollary 3.12] implies that
det(sa∗N )⊗ ω
−1 = Nm(N ) = Nm(u∗aN ) = det(s
′
a∗u
∗
aN )⊗ ω
−1
pi . 
For n ≥ 1 and L ∈ Pic(C), we consider the regular parts
MD,regn,L ⊂M
D
n,L, M
D,reg
r,L (π) ⊂M
D
r,L(π)
which are open subvarieties parametrizing Higgs bundles obtained as the pushforward of line
bundles supported on the spectral curves. We define the line bundle
(66) L′ = L⊗ ω ⊗ ω−1pi ∈ Pic(C).
The following is a corollary of Lemma 3.6.
Corollary 3.7. The pullback u∗C of (64) induces a Gpi-equivariant morphism of the regular
parts
gu :M
D,reg
n,L ×AD A
♥(π)→MD,regr,L′ (π)×AD(pi) A
♥(π)
where L′ is given by (66). The morphism A♥(π)→ AD used in the base change of the lefthand
side is the composition
A♥(π)
qA−→ A♥γ →֒ A
D.
Remark 3.8. Since gcd(n,deg(L)) = 1 and
deg(L′) = deg(L) + deg(ω)− deg(ωpi),
Lemma 3.5 implies that
gcd(r,deg(L′)) = gcd(n,deg(L′)) = 1
when deg(D) is even.
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Finally, we note that both varieties MD,regn,L and M
D,reg
r,L′ (π) admit Γ-actions induced by the
tensor product with n-torsion line bundles. The Γ-actions are clearly fiberwise with resepct
to the Hitchin maps
(67) MD,regn,L → A
D, MD,regr,L′ (π)→ A
D(π).
Since the pullback u∗a : Pic(Ca) → Pic(C
′
a) induced by (65) is compatible with the Γ-action
on both sides, we conclude the following lemma.
Lemma 3.9. The morphism gu given in Corollary 3.7 is Γ-equivariant.
3.3. Proof of Theorem 3.3 (step 1): Cohomological correspondences. Throughout
Section 3.3 to Section 3.5, we assume that D is an effective divisor with deg(D) even and
deg(D) > 2g − 2. Our first step in the proof of Theorem 3.3 is to construct a correspondence
between the direct image complexes associated with the two Hitchin maps attached to (67).
Then we show that this correspondence induces an isomorphism for the κ-parts following Ngoˆ
and Yun ([36, Appendix A]).
We consider the graph of gu in Corollary 3.7 which gives a subvariety
Graph(gu) ⊂
(
MD,regr,L′ (π)×AD(pi) A
♥(π)
)
×A♥(pi)
(
MD,regn,L ×AD A
♥(π)
)
.
Taking its Zariski closure, we obtain a closed subvariety
Σ = Graph(gu) ⊂M
D
r,L′ ×AD(pi)
(
MDn,L ×AD A
D(π)
)
which fits into the commuatative diagram
(68)
Σ
MDn,L ×AD A
D(π) MDr,L′(π)
AD(π).
hD
hD
pi,L′
Here we use hDpi,L′ to denote the Hitchin fibration
hDpi,L′ := h
D
pi :M
D
r,L′(π)→ A
D(π)
indicating its dependence on the line bundle L′. All the morphisms in (68) are proper.
By Corollary 3.7 and Lemma 3.9, the morphism gu is equivariant under the actions of Gpi
and Γ. Hence, as the Zariski closure of the graph of gu, the subvariety Σ is invariant under the
natural actions of Gpi and Γ on the ambient space MDr,L′ ×AD(pi)
(
MDn,L ×AD A
D(π)
)
. Since
the projections
MDr,L′ ×AD(pi)
(
MDn,L ×AD A
D(π)
)
→MDr,L′ ,
MDr,L′ ×AD(pi)
(
MDn,L ×AD A
D(π)
)
→MDn,L ×AD A
D(π)
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to both factors are Gpi- and Γ-equivariant, we obtain that the projections from the invariant
subvariety Σ to both factors are also Gpi- and Γ-equivariant.
Theorem 3.10. The correspondence (68) induces a morphism
(69) [Σ]# : q
∗
A
(
RhD∗ C
)
→ RhDpi,L′∗C[−2d
D
γ ]
which is equivariant under the natural actions of Gpi and Γ. Assume that the element γ ∈ Γ
inducing the Galois cover π : C ′ → C matches with κ via (3). Then (69) induces a Gpi-
equivariant isomorphism for the κ-parts,
(70) [Σ]#,κ : q
∗
A
(
RhD∗ C
)
κ
≃
−→
(
RhDpi,L′∗C
)
κ
[−2dDγ ].
Proof. The first part follows from the general theory of cohomological correspondences. We
refer to [35, Appendi A] as a reference; see also the paragraph before [36, Proposition 3.3.1].
In particular, since the variety Σ is invariant under the Gpi- and the Γ-actions, and both
projections from Σ toMDn,L×ADA
D(π) andMDr,L′(π) are Gpi- and Γ-equivariant, we conclude
that the cohomological correspondence (69) is also Gpi- and Γ-equivariant.
Now we show that [Σ]#,κ is an isomorphism. It suffices to prove that [Σ]#,κ induces an
isomorphism on every perverse cohomology, i.e.,
(71) pHi([Σ]#,κ) : q
∗
A
pHi
(
RhD∗ C
)
κ
≃
−→ pHi−2d
D
γ
(
RhDpi,L′∗C
)
κ
.
By Corollary 2.2, the lefthand side of (71) has the full support AD(π). Theorem 2.3 (b) and
Proposition 2.10 yield that the righthand side of (71) also has the full support. Therefore,
both sides of (71) are intermediate extensions of certain local systems defined on an open
subset of AD(π). As a consequence, in order to prove (71), we only need to show that
pHi([Σ]#,κ)
∣∣∣
U
: q∗A
pHi
(
RhD∗ C
)
κ
∣∣∣
U
≃
−→ pHi−2d
D
γ
(
RhDpi,L′∗C
) ∣∣∣
U
with U ⊂ AD(π) a Zariski open subset. This reduces the proof of (71) to showing that, for a
general point a ∈ AD(π), the correspondence between the Hitchin fibers
(72) [Σa] : H
i
(
(MDn,L)a,C
)
→ H i−2d
D
γ
(
MDr,L′(π)a,C
)
induced by the fundamental class of Σa is an isomorphism between the κ-parts. Here Σa is
the restriction of Σ over a. Let a be a general point lying in the open subset A♥(π) ⊂ AD(π).
The pullback of the diagram (64) along {a} → A♥γ is a normalization
ua : C
′
a → Ca
of curves where Ca has at worst nodal singularities. In this case, the description of the
correspondence (72) is concretely given in [36, Appendix A] and the isomorphism of the κ-
parts follows from a direct calculation [36, Lemma 3.4.1]. This completes the proof. 
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3.4. Proof of Theorem 3.3 (Step 2): changing from L′ to L. By Lemma 3.5, we have
(73) deg(L′)− deg(L) = 0 mod n.
Hence there exists a line bundle
(74) N0 ∈ Pic
k(C), k =
deg(L′)− deg(L)
n
∈ Z
such that L′ = L ⊗ N⊗n0 . The line bundle N0 induces an A
D(π)-isomorphism between the
relative Hitchin moduli spaces
(75)
MDr,L(π) M
D
r,L′(π)
AD(π)
hD
pi,L
φN0
hD
pi,L′
via tensor product φN0(E , θ) = (E ⊗ N0, θ). It is clear that φN0 is Gpi- and Γ-equivariant.
Proposition 3.11. There is a Gpi-equivariant isomorphism(
RhDpi,L′∗C
)
κ
=
(
RhDpi,L∗C
)
κ
∈ Dbc(A
D(π)).
Up to scaling, it is independent of the choice of line bundle (74).
Proof. The pullback along φN0 in the diagram (75) induces an Gpi- and Γ- equivariant isomor-
phism
(76) RhDpi,L′∗C = Rh
D
pi,L∗
C
which gives our desired isomorphism. For another choice N ′0 of the line bundle (74), we have
N−10 ⊗N
′
0 ∈ Γ.
Hence the difference of the isomorphisms φ∗N0 and φ
∗
N ′0
is induced by an automorphism ofMDr,L
given by an element g ∈ Γ, which influences the complex(
RhDpi,L∗C
)
κ
by scaling of a constant κ(g) ∈ C∗. 
Remark 3.12. In view of Lemma 3.5, the equation (73) and the existence of the line bundle
(74) rely heavily on the assumption that deg(D) is even.
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3.5. Completing the proof of Theorem 3.3. Theorem 3.3 follows from Theorem 3.10 and
Proposition 3.11.
More preciesly, we obtained the Gpi-equivariant isomorphism canonical up to scaling
ΞD : q
∗
A
(
RhD∗ C
)
κ
≃
−→
(
RhDpi,L∗C
)
κ
[−2dDγ ]
as the composition
q∗A
(
RhD∗ C
)
κ
[Σ]#,κ
−−−−→
≃
(
RhDpi,L′∗C
)
κ
[−2dDγ ]
Prop. 3.10.
−−−−−−−→
≃
(
RhDpi,L∗C
)
κ
[−2dDγ ].
Here the first isomorphism [Σ]#,κ is given by Theorem 3.10, and the second isomorphism is
given by Proposition 3.11. Since both of them are Gpi-equivariant, the composition ΞD is also
Gpi-equivariant. This completes the proof of Theorem 3.3. 
4. Vanishing cycles and Hitchin moduli spaces
4.1. Overview. In this section, we follow the same notation as in Section 3. We complete
the proof of Theorem 3.1 by constructing a Gpi-equivariant operator
ΞD : q∗A
(
RhD∗ C
)
κ
≃
−→
(
RhDpi ∗C
)
κ
[−2dDγ ],
which is canonical up to scaling for any effective divisor D with deg(D) > 2g − 2 or D = KC .
Our main tool is Theorem 4.5, where we apply a vanishing cycle functor to connect the moduli
of D-Higgs bundles to the moduli of (D + p)-Higgs bundles with p ∈ C a closed point. This
reduces the general cases of Theorem 3.1 to the special cases already treated in Theorem 3.3.
In this section, it is convenient to work with the moduli stacks of stable SLn-Higgs bundles
and relative stable Higgs bundles associated with π : C ′ → C. As these are nonsingular
Deligne-Mumford stacks, gerbes over the coarse moduli spaces, this has no effect on the direct
image complexes (57). Therefore, throughout this section, we still use the notation MDn,L
andMDn,L(π) to denote the corresponding moduli stacks for stable Higgs bundles and relative
stable Higgs bundles.
4.2. Restrictions of Higgs bundles to a point. Let p be an abstract reduced point
Spec(C). Any rank n vector bundle on p is an n-dimensional vector space. Hence the cat-
egory of SLn-Higgs bundles on p can be thought of as the category of matrices in sln up to
SLn-conjugation, whose moduli stack is given by the quotient
Mn,p = [sln/SLn].
Here SLn acts on sln via conjugation. The Hitchin fibration associated with Mn,p is
hp :Mn,p → Ap
where Ap = sln / SLn is the affine GIT-quotient parameterizing all characteristic polynomials
(a2, a3, . . . , an) ∈ Ap, ai = trace(∧
iθp)
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of the traceless endomorphism θp ∈ End(A
n)0 associated with a matrix in Mn,p. We refer to
[31, Section 2.2] for more details concerning the stack Mn,p and the morphsim hp.
Now we consider p as a closed point on the curve C. Then the restriction map with respect
to the closed embedding
ip : {p} →֒ C
induces the following commutative diagram
(77)
MDn,L Mn,p
AD Ap
evp
hD hp
where the evaluation (at p) map evp is given by
evp(E , θ) = i
∗
p(E , θ) ∈Mn,p.
To generalize the diagram (77) for the relative moduli space MDr,L(π), we consider the Lie
group
Hpi = {(g1, g2, . . . , gm) ∈ GL
×m
r :
∏
i
det(gi) = 1} ⊂ GL
×m
r ,
which is naturally a subgroup of SLn with Lie algebra
hpi = {(g1, g2, . . . , gm) ∈ gl
×m
r :
∑
i
trace(gi) = 0}.
The quotient stack
Mr,p(π) = [hpi/Hpi]
is the moduli of SLn-Higgs bundles on the point p obtained as the pushforward of rank r-Higgs
bundles on m distinct reduced points ⊔mi=1pi along the projection
πp : ⊔
m
i=1pi → p.
Similar to (77), we have the following diagram given by the restriction to p ∈ C:
(78)
MDr,L(π) Mr,p(π)
AD Ap(π).
evp
hDpi hpi,p
Here for a Higgs bundle (E , θ) ∈MDr,L on C
′, the evaluation map is given by
evp(E , θ) = i
∗
p (π∗E , π∗θ) ∈Mr,p(π),
and the “Hitchin map over a point” hp is tha natural projection
hpi,p : [hpi/Hpi]→ Ap(π) := hpi / Hpi.
The diagram (78) recovers (77) when C ′ = C and π : C ′ → C is the identity.
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Proposition 4.1. Assume that D is a divisor satisfying
(a) D − p = KC , or
(b) D − p is effective and deg(D − p) > 2g − 2.
Then the evaluation map evp :M
D
r,L(π)→Mr,p(π) in (78) is smooth.
Proof. We first review the deformation theory of MDr,L(π) following [4] and [31, Section 4.14].
The deformation theory of a rank r Higgs bundle (E , θ) on C ′ is governed by the tangent
complex
(79)
[
End(E)
ad(θ)
−−−→ End(E)⊗OC′(D
′)
]
lying in degrees -1 and 0. Since now we only consider the rank r Higgs bundles (E , θ) on C ′
with the fixed determinant and trace after pushing forward to C, to govern the defomation
theory of MDr,L(π) we need to remove the traces of End(E) after pushing forward the complex
(79) to C. Hence the deformation theory of MDr,L(π) is governed by
(80) C•(E , θ,D) =
[
(π∗End(E))0
pi∗ad(θ)
−−−−−→ (π∗End(E))0 ⊗OC(D)
]
, (E , θ) ∈MDr,L(π),
where (π∗End(E))0 denotes the kernel with respect to the trace
trC : π∗End(E)
pi∗trC′−−−−→ π∗OC′ → OC
on C. The complex (80) is the tangent complex of MDr,L(π). The automorphism space, the
tangent space, and the obstruction space are thus given by the cohomology groups
H0(C,C•(E , θ,D)), H1(C,C•(E , θ,D)), and H2(C,C•(E , θ,D))
respectively. Since the evaluation map evp is induced by the restriction to the point p via
ip : {p} →֒ C, the tangent map of evp is
(81) Tanevp : H
1(C,C•(E , θ,D))→ H1(p, i∗pC
•(E , θ,D))
induced by the restriction morphism between the tangent complexes. Here i∗pC
•(E , θ,D) =
[hpi
ad
−→ hpi] coincides with the tangent complex of Mr,p(π); see [7, Appendix 8.2]. To prove
the smoothness of evp, we show in the following that (81) is surjective.
The restriction map between the tangent complexes
C•(E , θ,D))→ ip∗i
∗
pC
•(E , θ,D))
fits into the exact triangle
(82) E• → C•(E , θ,D)→ ip∗i
∗
pC
•(E , θ,D)
+1
−−→
where E• is given by
E• = C•(E , θ,D)⊗OC(−p) =
[
(π∗End(E))0 ⊗OC(−p)
pi∗ad(θ)
−−−−−→ (π∗End(E))0 ⊗OC(D − p)
]
.
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The long exact sequence associated with (82) is
H1(C,C•(E , θ,D))
Tanevp
−−−−→ H1(C, ip∗i
∗
pC
•(E , θ,D))→ H2(C,E•).
Hence, in view of the Serre duality, it suffices to show the vanishing of
(83) H2(C,E•)∨ = H0(C, (E•)∨ ⊗ ΩC)
where
(E•)∨ ⊗ ΩC =
[
(π∗End(E))0 ⊗OC(p−D +KC)
−ad(pi∗θ)
−−−−−−→ (π∗End(E)0 ⊗OC(p +KC)
]
.
To calculate (83), we consider the hyper-cohomology group H0(C, E˜• ⊗Ω∨C) with
E˜• =
[
(π∗End(E)) ⊗OC(−p)
pi∗ad(θ)
−−−−−→ (π∗End(E))⊗OC(D − p)
]
.
It is clear that H0(C, (E˜•)∨ ⊗ΩC) contains (83) as a direct sum component, and the comple-
ment is contributed by the trace parts on C. The hyper-cohomology group H0(C, E˜• ⊗ Ω∨C))
can be written as
(84) H0
(
C ′,
[
End(E)⊗ π∗OC(p−D +KC)
−ad(θ)
−−−−→ End(E)⊗ π∗OC(p+KC)
])
via the projection formula. By [15, Theorem 5.1] (see also the calculation of [16, Lemma 7.3]),
(84) can be interpreted as the group of homomoprhisms of stable Higgs bundles
(85) HomC′ ((E , θ), (E ⊗ π
∗OC(KC −D + p), θ)) .
In the case (a), these two stable Higgs bundles in (85) coincide, so the Hom space (85) is
1-dimensional given by the identity map. Hence we have the vanishing of (83) by removing
the 1-dimensional trace parts on C from (85). In the case (b), we have
deg(E) > deg (E ⊗ π∗OC(KC −D + p)) .
Hence (85) vanishes due to the stability condition, which further implies the vanishing of
(83). 
Assume that the divisor D satisfies (a) and (b) of Proposition 4.1. The moduli of stable
(D−p)-Higgs bundles admits a natural closed embedding into the moduli of D-Higgs bundles.
More precisely, let (E , θ) be a stable (D−p)-Higgs bundle on C, then we may view it naturally
as a D-Higgs bundle (E , θ′) by setting the new Higgs field as the composition
θ′ : E
θ
−→ E ⊗OC(D − p)→ E ⊗OC(D)
where the second map is induced by OC(−p) →֒ OC . By definition, the (slope-)stability
conditions of (E , θ) and (E , θ′) coincide. Hence we obtain a closed embedding
(86) MD−pn,L →֒ M
D
n,L, (E , θ) 7→ (E , θ
′).
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Similarly, we also have the relative version with respect to π : C ′ → C:
(87) MD−pr,L (π) →֒ M
D
r,L(π), (E , θ) 7→ (E , θ
′)
where θ′ : E → E ⊗ π∗OC(D) is given by the composition
θ′ : E
θ
−→ E ⊗ π∗O(D − p)→ E ⊗ π∗O(D).
As before, the relative case (87) recovers (86) by setting π = id.
A Higgs bundles inMDr,L(π) which sits insideM
D−p
r,L (π) can be characterized by the vanish-
ing of the restricted Higgs field over the point p. Therefore it is natural to use the evaluation
map evp to describe (86) and (87) as in the following lemma.
Lemma 4.2. Assume the divisor D satisfies (a) and (b) of Proposition 4.1. We denote by
0H = [0/Hpi] →֒ Mr,p(π) = [hpi/Hpi]
the closed substack corresponding to the 0 matrix. Then the closed embedding (87) is realized
as a closed fiber of evp over 0H .
4.3. Functions and critical loci. We consider the quotient map
sln → sln / SLn
sending a matrix to the coefficients
(a2, a3, . . . , an) ∈ sln / SLn = Spec
(
C[sln]
SLn
)
, deg(ai) = i
of its characteristic polynomial. The term ai defines a degree i polynomial function on the Lie
algebra sln. We define the quadratic function on the Lie algebra sln given by a2 as
(88) µ = a2 : sln → A
1,
which induces a function µpi : hpi → A
1 via the composition
(89) µpi : hpi →֒ sln
µ
−→ A1.
By definition, the functions µ and µpi are invariant under the conjugation actions by the Lie
groups SLn and Hpi repectively.
Since any matrix g ∈ hpi ⊂ sln satisfies trace(g) = 0, the quadratic function µpi (up to
scaling) can be written as
(90) g 7→ trace(g2).
For the semisimple Lie algebra sln, (90) is the Killing form which is clearly non-degenerate.
In the following we prove the non-degeneracy for general hpi.
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Lemma 4.3. The critical locus of the quadratic function µpi is the isolated reduced point
0 ∈ hpi, i.e.,
Crit(µpi) (= {dµpi = 0}) = {0} ⊂ hpi.
Consequently, the perverse sheaf of vanishing cycles ϕµpi IChpi (see [13, Theorem 5.2.21]) is the
skyscraper sheaf supported on the closed point 0 ∈ hpi.
Proof. To prove the first part of Lemma 4.3, it suffices to show that the quadratic form (90)
on hpi is non-degenerate.
We consider the decomposition
(91) hpi = h
′
pi ⊕ c
where c ⊂ hpi is the Cartan subalgebra of trace-free diagonal matrices, and h
′
pi consists of the
matrices in hpi such that the entries of the diagonals vanish. For a matrix g ∈ hpi with the
decomposition
g = g′ + c, g′ ∈ h′pi, c ∈ c,
a direct calculation yields trace(g′c) = 0. Therefore we have
trace(g2) = trace(g′
2
) + trace(c2).
So it suffices to show that the quadratic forms (90) are non-degenerate for both h′pi and c.
We notice that the Cartan subalgebra c of hpi is the same as that of sln. Also, equipped
with the quadratic forms (90), h′pi is a direct summand component of the Lie algebra sl
×m
r
via the decomposition (91) for sl×mr . Since both h
′
pi and c are direct summand components
of semi-simple Lie algebras where the killing forms (90) are non-degenerate, we conclude the
non-degeneracy of (90) for h′pi and c, which further implies the non-degeneracy of hpi through
(91).
This completes the first part of the lemma, and reduce the second part to the case
µpi : A
N → A1, (z1, . . . , zN ) 7→
N∑
i=1
z2i
where the Milnor fiber and the vanishing cycle can be calculated directly. 
The Hpi-invariant function (89) induces the functions
µ1 : [hpi/Hpi]→ A
1, µ2 : hpi / Hpi → A
1
which form the commutative diagram
(92)
Mr,p(π)
Ap(π). A
1.
µ1hpi,p
µ2
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The pullback of (92) along the diagram (78) yields the functions
µpi,M :M
D
r,L(π)→ A
1, µpi,A : A
D(π)→ A1
fitting into the commuatative diagram
(93)
MDr,L(π)
AD A1.
µpi,M
hDpi
µpi,A
Before stating and proving the main theorem (Theorem 4.5) of this section, we first note
the following well-konwn facts concerning the nearby and the vanishing cycle functors.
Lemma 4.4. Let f : V → A1 be a regular function.
(a) Assume V admits an action of a finite group G which is fiberwise with respect to f .
Then the nearby and vanishing cycle functors Φf , ϕf are G-equivariant.
(b) Assume F ∈ Dbc(V ), and assume that g = λ · id ∈ End(F) is a scaling automorphism
of F with λ ∈ C∗. Then applying the nearby or vanihsing cycle functor to g yields also
an scaling endomorphism:
Φf (g) = λ · id : ΦfF
≃
−→ ΦfF , ϕf (g) = λ · id : ϕfF
≃
−→ ϕfF .
Theorem 4.5. Assume the divisor D satisfies (a) and (b) of Proposition 4.1.
(a) The closed embedding (87) can be realized as the critical locus of the function µpi,M :
MDr,L(π)→ A
1, i.e., we have
MD−pr,L (π) = Crit (µpi,M) →֒ M
D
r,L(π).
(b) We have a natural isomorphism
(94) ϕµpi,M
(
ICMD
r,L
(pi)
)
= IC
MD−p
r,L
(pi)
.
(c) For any character κ ∈ Γˆ, the isomorphism (94) induces a natural isomorphism
ϕµpi,A
(
RhDpi ∗C
)
κ
=
(
RhD−ppi ∗C
)
κ
[−r]
where µpi,A is given in (93) and r is the codimension of (87).
Proof. By definition, the function µpi,M :M
D
r,L(π)→ A
1 is the composition
MDr,L(π)
evp
−−→Mr,p(π)
µ1−→ A1
where the first morphism is smooth. Hence we have
Crit(µpi,M) = Crit (µ1 ◦ evp) = ev
−1
p Crit(µ1) = ev
−1
p (0H).
Here the last identity follows from Lemma 4.3. This implies (a) by Lemma 4.2.
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Now we prove (b). The smooth pullback of vanishing cycles yields the canonical equivalence
of the functors
(95) ev∗p ◦ ϕµ1 = ϕµpi,M ◦ ev
∗
p.
Since the vanishing cycle complex
(96) ϕµ1C ∈ D
b
c ([hpi/Hpi])
is the Hpi-equivariant vanishing cycle complex ϕµpiC on hpi, we see from Lemma 4.3 that (96)
is the shifted skyscraper sheaf supported at 0H with the trivial Hpi-action. Hence, applying
(95) to the trivial local system C, we deduce that the vanishing cycle complex ϕµpi,MC is
canonically isomorphic to C on MDr,L(π) with a shift. Since the functor ϕµpi,M preserves the
perverse t-structures, (94) is concluded.
For (c), the proper base change of vanishing cycles implies the canonical equivalence of the
functors
RhDpi ∗ ◦ ϕµpi,M = ϕµpi,A ◦Rh
D
pi ∗.
As a consequence, we obtain
(97) ϕµpi,A
(
RhDpi ∗C
)
= RhD−ppi ∗C[−r]
by applying the pushforward functor hDpi ∗ to (94) and the fact that h
D
pi coincides with h
D−p
pi
restricting to MD−pr,L . Noticing that the regular function
µpi,M :M
D
r,L(π)→ A
1
passes through the Hitchin base AD(π), it admits a fiberwise Γ-action. By Lemma 4.4 (a),
the vanishing cycle functor ϕµpi,M is Γ-equivariant. Hence the isomorphism (94) is compatible
with the Γ-equivariant structures on the shifted trivial local systems ICMD
r,L
(pi) and ICMD−p
r,L
(pi)
.
After pushing forward, we see that (97) matches for any κ-isotypic components with respect
to the Γ-action. This completes the proof of (c). 
The value of the function µpi,A : A
pi(π) → A1 is constant along each orbit of the Galois
group Gpi-action on A
D(π). Hence µpi,A induces a regular function on the Gpi-quotient of
AD(π):
(98) µγ,A : A
D
γ → A
1
where the element γ ∈ Γ corresponds to π : C ′ → C. Alternatively, (98) is the restriction of
the function on the SLn-Hitchin base
µpi=id,A : A
D → A1
to the closed subvariety iDγ : A
D
γ →֒ A
D.
Recall the notation from the diagram (28). We have the following corollary of Theorem 4.5.
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Corollary 4.6. Theorem 4.5 (c) induces for any character κ ∈ Γˆ a natural isomorphism
ϕµγ,A
(
RhDγ ∗C
)
κ
=
(
RhD−pγ ∗C
)
κ
[−r].
Here r is the same as in Theorem 4.5 (c).
Proof. We consider the quotient map qA : A
D(π)→ ADγ . By the proper base change, we have
(99) ϕµγ,A
(
qA∗Rh
D
pi ∗C
)
= qA∗ϕµpi,A
(
RhDpi ∗C
)
.
Similar as in the proof of Theorem 4.5 (c), the identity (99) is compatible with the Gpi- and
Γ-actions on both sides. By taking the Gpi-invariant and the κ-isotypic parts, we obtain that
ϕµγ,A
(
(qA∗Rh
D
pi ∗C)
Gpi
)
κ
=
(
qA∗ϕµpi,A
(
RhDpi ∗C
)
κ
)Gpi
=
(
qA∗Rh
D−p
pi ∗C
)Gpi
κ
[−r]
where we use Theorem 4.5 (c) in the last identity. Hence Lemma 1.6 implies that
ϕµγ,A
(
RhDγ ∗C
)
κ
=
(
RhD−pγ ∗C
)
κ
[−r]. 
4.4. Proof of Theorem 3.1. In this section, we prove Theorem 3.1, or equivalently, Theorem
3.2, by constructing the operator
(100) cDκ :
(
RhD∗ C
)
κ
≃
−→ iDγ ∗
(
RhDγ ∗C
)
κ
[−2dDγ ].
This recovers the Gpi-equivariant operator
ΞD : q∗A
(
RhD∗ C
)
κ
≃
−→
(
RhDpi ∗C
)
κ
[−2dDγ ].
as explained in Section 3.1.
We construct (100) in the following three cases:
Case 1. The effective divisor D satisfies that deg(D) is even and greater than 2g − 2. This
is Theorem 3.1 already proven in Section 3, where the operator comes from Ngoˆ’s
endoscopic correspondence and the support theorems.
Case 2. The effective divisor D satisfies that deg(D) is odd and greater than 2g − 2. In this
case, the support theorems still hold, but the isomorphism of Proposition 3.11 is missed
due to parity reasons; see Remark 3.12. We apply Theorem 4.5 to reduce this case to
Case 1 as follows.
Let p be a closed point of C. Then the effective divisor
Dp = D + p
satisfies the assumption of Case 1. Hence we have a canonical isomorphism
(101) cDpκ :
(
Rh
Dp
∗ C
)
κ
≃
−→ iDpγ ∗
(
RhDpγ ∗C
)
κ
[−2dDpγ ] ∈ D
b
c(A
Dp)
up to scaling constructed from Ngoˆ’s endoscopic correspondence. Applying to (101)
the vanishing cycle functor ϕµA associated with the function
µA := µid,A : A
Dp → A1,
ENDOSCOPIC DECOMPOSITIONS AND THE HAUSEL–THADDEUS CONJECTURE 41
we obtain
(102) ϕp(c
Dp
κ ) := ϕµA(c
Dp
κ ) : ϕµA
(
Rh
Dp
∗ C
)
κ
≃
−→ ϕµA
(
iDpγ ∗
(
RhDpγ ∗C
)
κ
)
[−2dDpγ ].
Since (101) is canonical up to scaling, so is (102) by Lemma 4.4 (b). In fact, the
operator (102) gives the desired operator cDκ . To justify this, we calculate both sides
of (102).
For the lefthand side, Theorem 4.5 (c) applied to the special case π = id yields
ϕµA
(
Rh
Dp
∗ C
)
κ
=
(
RhD∗ C
)
κ
[−r1], r1 = codimMDp
n,L
(MDn,L).
For the righthand side, we have by the proper base change and Corollary 4.6 that
ϕµA
(
iDpγ ∗
(
RhDpγ ∗C
)
κ
)
= iDpγ ∗ϕµγ,A
(
RhDpγ ∗C
)
κ
= iDγ ∗
(
RhDγ ∗C
)
κ
[−r2]
where
r2 = codimMDp
r,L
(pi)
(MDr,L(π)).
In conclusion, (102) gives an isomorphism
ϕp(c
Dp
κ ) :
(
RhD∗ C
)
κ
≃
−→ iγ∗
(
RhDγ ∗C
)
κ
[−2dDpγ + r1 − r2].
By the dimension formulas in [6, Section 6.1], we have
r1 = 2d
Dp
γ , r2 = 2d
D
γ .
Hence, the operator
(103) cDκ = ϕp(c
Dp
κ )
induces an isomorphism (100) as desired.
Case 3. We now treat the last case D = KC . In this case the support theorems fail for the
Hitchin fibrations (c.f. [7]). However, we are able to construct the operator (100)
following the same strategy as in Case 2.
Let p, q be 2 closed points on the curve C. Then the divisor
Kp,q = KC + p+ q
satisfies the assumption of Case 1, and we have
cKp,qκ :
(
Rh
Kp,q
∗ C
)
κ
≃
−→ iKp,qγ ∗
(
RhKp,qγ ∗C
)
κ
[−2dKp,qγ ].
Similar to (103), we define
(104) cKCκ := ϕq
(
ϕp
(
cKp,qκ
))
which gives the desired isomorphism (100) for D = KC . 
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We have completed the construction of (100) which proves Theorems 3.1 and 3.2. In Cases
2 and 3 above, the construction of the operator cDκ a piori depends on the choice of the closed
points p and q. We finish this section by showing in the following proposition that cDκ in Case
2 or 3 is in fact independent of the choice of the points.
Proposition 4.7. The operators (103) and (104) do not depend on the choice of p ∈ C and
p, q ∈ C respectively.
Proof. We prove the independence for (103). By varying the point p ∈ C, we have a family of
Hitchin fibrations
hDp :M
Dp
n,L → A
Dp
over the base C. The construction of the correspondence (101) works relatively over the base
which gives a family of operators c
Dp
κ . By applying the vanishing cycle functor relatively over
C, we obtain a family of operators φp(c
Dp
κ ) which form a section of the trivial local system
C⊗Hom(F1,F2)
on C. Here
F1 =
(
RhD∗ C
)
κ
, F2 = iγ∗
(
RhDγ ∗C
)
κ
[−2dD].
are independent of the point p. Hence φp(c
Dp
κ ) is constant over C.
An identical argument works for (104) which we omit. 
Remark 4.8. Applying the vanishing cycle functors as in Cases 2 and 3 above, we obtain that
Proposition 2.11 also holds also for D = KC .
5. The P=W conjecture and the Hausel-Thaddeus conjecture
Throughout Section 5, we assume that the curve C has genus g ≥ 2. We assume that
D is an effecitve divosor of degree deg(D) > 2g − 2 or D = KC . For a cyclic Galois cover
π : C ′ → C, we denote by D′ the divisor π∗D on C ′.
We discuss some applications of Theorems 3.1 and 3.2.
5.1. Perverse filtrations. We briefly recall the definition of perverse filtrations [10, 5].
Let f : X → Y be a proper morphism with X a nonsingular algebraic variety. The perverse
t-structure on the constructible derived category Dbc(Y ) induces an increasing filtration on the
cohomology H∗(X,C),
(105) P0H
∗(X,C) ⊂ P1H
∗(X,C) ⊂ · · · ⊂ PkH
∗(X,C) ⊂ · · · ⊂ H∗(X,C),
called the perverse filtration associated with f .
The perverse filtration (105) can be described via the decomposition theorem [3]. Applying
the decomposition theorem to the map f : X → Y , we obtain an isomorphism
Rf∗C[dim(X) − r] ≃
2r⊕
i=0
Pi[−i] ∈ D
b
c(Y )
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with Pi a perverse sheaf on Y and r the defect of semi-smallness:
r = dim (X ×Y X)− dim(X).
The k-th piece of the perverse filtration is
PkH
j(X,Q) = Im
{
Hj−(dim(X)−r)(Y,
k⊕
i=0
Pi[−i])→ H
j(X,Q)
}
.
5.2. The P=W conjecture. Perverse filtrations appear naturally in studying the topology
of Hitchin fibrations. For notational convenience, we let
h :M→A
be the Hitchin fibration withM =Mn,L or M˜n,d.
3 We denote byMB the Betti moduli space
associated with M. There is a diffeomorphism M ∼= MB induced by non-abelian Hodge
theory [33, 34, 21], which identifies the cohomology
(106) H∗(M,C) = H∗(MB ,C).
A central question concerning the cohomological aspect of the non-abelian Hodge theory is
the P=W conjecture formulated by de Cataldo–Hausel–Migliorini [5], connecting the perverse
filtration associated with the Hitchin fibration h to the weight filtration
W0H
∗(MB ,C) ⊂W1H
∗(MB ,C) ⊂ · · · ⊂WkH
∗(MB ,C) ⊂ · · · ⊂ H∗(MB,C)
associated with the mixed Hodge structure on MB.
Conjecture 5.1 (”P=W” [5]). Under the non-abelian Hodge correspondence (106), we have
PkH
i(M,C) =W2kH
i(MB ,C).
For the GLn-case, the P=W conjecture was proven for n = 2 in [5], and recently, for g = 2
[8]. Furthermore, [8] reduces the full P=W conjecture to the multiplicativity of the perverse
filtration; see [8, Introduction] for the precise statement. In either situation, the way for
attacking the P=W conjecture is to analyze the location of the tautological classes in both the
perverse and the weight filtrations.
The case of SLn is more complicated due to the lack of tautological classes accessing the
Γ-variant cohomology. When n is a prime number, the shapes of the perverse and the weight
filtrations on the Γ-variant parts are of simpler forms, and therefore the P=W conjecture was
verified for the Γ-variant cohomology via direct calculations; see [5] for n = 2 and [9] for any
prime number n.
When n is not a prime number, numerical evidence from the Hausel–Thaddeus conjecture
suggests that the P=W conjecture for SLn should rely on the P=W conjecture for a seqence of
moduli spaces of GL∗-Higgs bundles on different curves with different ranks. In particular, we
3Here the divisor D is chosen as the canonical divisor KC .
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expect that the P=W conjecture for SLn can be eventually reduced to the P=W conjecture
for GLr.
As a first step towards this direction, we introduce the operator (114) below connecting
H∗(Mn,L,C)κ and the cohomology of the moduli space of stable GLr-Higgs bundles on another
curve C ′, where r and C ′ are determined by κ ∈ Γˆ. Then we prove Theorem 5.4 on the
compatibility of the perverse filtrations.
5.3. The stable cohomology. Let π : C ′ → C be a cyclic Galois cover of degree m. Let
L ∈ Picd(C) be a fixed line bundle with gcd(n, d) = 1.
We recall the moduli spaces M˜D
′
r,d(C
′) and MD
′
r,d(π) as well as their Hitchin fibrations (9)
and (15) respectively. The group scheme
M˜D1,0(C) = Pic
0(C)×H0(C,OC (D))
acts on the relative moduli space MD
′
r,d(π) via
(107) q˜ : M˜D1,0(C)×M
D
r,L(π)→ M˜
D′
r,d(C
′), ((E1, θ1), (Er, θr)) 7→ (π
∗E1 ⊗ Er, π
∗θ1 + θr).
Here θ1 ∈ H
0(C,OC (D)) and its pullback gives a section π
∗θ1 ∈ H
0(C ′,OC′(D
′)). The finite
group Γ acts on the lefthand side of (107) diagonally,
L · ((E1, θ1), (Er, θr)) =
(
(E1 ⊗ L
−1, θ1), (Er ⊗ L, θr)
)
, L ∈ Γ.
The morphism (107) factors through this Γ-quotient and the fibers of (107) are given by Γ-
orbits. By dimension reasons, the righthand side of (107) coincides with the Γ-quotient of the
lefthand side. We have the following canonical isomorphisms of the cohomomogy
H∗(M˜D
′
r,d(C
′),C)
≃
−→ H∗(M˜D1,0(C)×M
D
r,L(π),C)
Γ
=
(
H∗(M˜D1,0(C),C)⊗H
∗(MDr,L(π),C)
)Γ
= H∗(M˜D1,0(C),C)⊗H
∗(MDr,L(π),C)
Γ
(108)
where the first isomorphism is induced by q˜∗, the second identity is the Ku¨nneth decomposi-
tion, and the last identity follows from the triviality of the Γ-action on H∗(M˜D1,0(C),C).
For any Hitchin-type moduli space M˜Dn,d, M
D
n,L, or M
D
n,L(π), we consider the perverse
filtrations on the cohomology defined via the corresponding Hitchin fibration (9), (11), or (15)
respectively. The following proposition provides a description of the perverse filtration on the
stable part of H∗(MDr,L(π),C).
Proposition 5.2. The map (107) induces a canonical isomorphism
(109) H∗(M˜D
′
r,d(C
′),C) = H∗(M˜D1,0(C),C)⊗H
∗(MDr,L(π),C)st
satisfying that
(110) PkH
∗(M˜D
′
r,d(C
′),C) =
⊕
i+j=k
H i(M˜D1,0(C),C)⊗ PjH
∗(MDr,L(π),C)st.
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Here the stable part ( )st denotes the Γ-invriant part of the cohomology.
Proof. The first isomorphism is induced by (108). It suffices to show the compatibility (110)
of the perverse filtrations.
We notice that the quotient map (107) is compatible with the Hitchin fibrations, and we
have the commuatative diagram
M˜D1,0(C)×M
D
r,L(π) M˜
D′
r,d(C
′)
H0(C,OC (D))×A
D(π) A˜D
′
(C ′)
q˜
hD(C)×hDpi hD
′
≃
where the bottom arrow is a canonical identification. The pullback morphism q˜∗ for the
cohomology is induced sheaf-theoretically by the canonical morphism
(111) C→ q˜∗C
where the first and the second C denote the trivial local systems on the target and the source
of q˜ respectively. By applying the perverse truncation functor to the pushforward of (111)
along hD
′
, we obtain that the first map of (107) satisfies
(112) PkH
∗(M˜D
′
r,d(C
′),C)
≃
−→ PkH
∗(M˜D1,0(C)×M
D
r,L(π),C)
Γ.
We conclude (110) from (112) and the fact that the perverse filtraiton on
H∗(M˜D1,0(C),C) = H
∗(Pic0(C),C)
coincides with the cohomological filtration H∗≤k. 
As a consequence of Proposition 5.2, we obtain a canonical operator given by the projection
(113) p1 : H
i(M˜D
′
r,d(C
′),C)→ H i(MDr,L(π),C)st, ∀i ≥ 0
sending a class in H∗(M˜D
′
r,d(C
′),C) to its projection to the direct summand component
H0(M˜D1,0(C),C)⊗H
i(MDr,L(π),C)st = H
i(MDr,L(π),C)st.
with respect to the decomposition (109). The identity above is induced by the fundamental
class 1 ∈ H0(M˜D1,0(C),C).
Corollary 5.3. The operator (113) respects the perverse filtrations:
p1
(
PkH
i(M˜D
′
r,d(C
′),C)
)
= PkH
i(MDr,L(π),C)st
Proof. Since the fundamental class 1 ∈ H0(M˜D1,0(C),C) lies in P0H
0(M˜D1,0(C),C), the corol-
lary follows from (110). 
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5.4. Operators. Let π : C ′ → C be the cyclic Galois cover given by γ ∈ Γ, which corresponds
to κ ∈ Γˆ via (3). We define the operator
(114) pκ : H
i−2dDγ (M˜D
′
r,d(C
′),C)։ H i(MDn,L,C)κ
as the following composition:
H∗(M˜D
′
r,d(C
′),C)
p1−→H∗(MDr,L(π),C)st = H
∗(MDr,L(π),C)κ
proj.
−−−→ H∗(MDr,L(π),C)
Gpi
κ =H
∗(MDγ ,C)κ
Thm 3.2
−−−−−→
≃
H∗+2d
D
γ (MDn,L,C)κ.
(115)
Here the first morphism is (113), the second isomorphism is given by Theorem 3.1 (or equiv-
alently, Proposition 2.10), the third morphism is the projection to the Gpi-invariant part; The
fourth isomorphism is given by Lemma 1.6, and the last isomorphism follows from Theorem
3.2. Hence we obtain that (114) is surjective and canonically defined up to scaling.
Theorem 5.4. We have
pκ
(
PkH
i(M˜D
′
r,d(C
′),C)
)
= Pk+dDγ H
i+2dDγ (MDn,L,C)κ.
Proof. By Corollary 5.3, the morphism p1 preserves the perverse filtration. All the other
morphisms in (115) except the last one are deduced from sheaf theoretic morphisms which
clearly preserve the perverse filtrations. Hence we have
PkH
i(M˜D
′
r,d(C
′),C)։ PkH
i(MDγ ,C)κ.
The last morphism of (115) is given by the sheaf-theoretic isomorphism (58). Taking account
of the shift, we have
PkH
i(MDγ ,C)κ
≃
−→ Pk+dDγ H
i+2dDγ (MDr,L(π),C)κ. 
Now we consider the special case D = KC . Passing through the isomorphism (106) induced
by the non-abelian Hodge theory, we obtain an operator for the correspondnece Betti moduli
spaces
pBκ : H
i−2dγ (M˜Br,d(C
′),C)։ H i(MBn,L,C)κ.
Here M˜Br,d(C
′) is the Betti moduli space associated with the curve C ′, the group GLr, and
the degree d, and MBn,L stands for the Betti moduli space associated with the curve C, the
group SLn, and the line bundle L. We refer to [21] for more details on these moduli spaces.
Question 5.5. Is it true that
pBκ
(
W2kH
i(M˜Br,d(C
′),C)
)
=W2k+2dγH
i+2dγ (MBn,L,C)κ?
If Question 5.5 has an affirmative answer, then Theorem 5.4 implies that, if the P=W con-
jecture holds for GLr for any r dividing n, then the P=W conjecture holds for SLn. However,
the construction of the operator pκ relies heavily on the topology of Hitchin fibrations, which
is mysterious on the Betti side. A better understanding of the operator pκ may be needed.
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5.5. The Hausel–Thaddeus conjecture. We explain in the last section that Theorem 3.2
implies Theorem 0.5. Here for Higgs bundles, we work with any effective divisor D with
deg(D) > 2g − 2 or D = KC .
Proof of Theorem 0.5. By Remark 4.8 and Proposition 2.11, the isoorphism class of the object(
RhDγ ∗C
)
κ
∈ Db(ADγ )
does not depends on the determinant L, and only depends on the order of κ. Hence we have
[Pk−dDγ H
i−2dDγ ((Mn,L)γ ,C)κ] = [Pk−dDγ H
i−2dDγ ((Mn,L′)γ ,C)κ′ ]
in the Grothendieck group of vector spaces K0(Vect). By (58), we obtain
(116) [PkH
i(Mn,L,C)κ] = [Pk−dDγ H
i−2dDγ ((Mn,L)γ ,C)κ] = [Pk−dDγ H
i−2dDγ ((Mn,L′)γ ,C)κ′ ]
in K0(Vect).
This proves the Betti number version of Hausel’s conjecture. To get the enhanced version
concerning Hodge structures, we follow [11, Section 2.1] to work with the category of mixed
Hodge modules [32] which refines the category of perverse sheaves. Identical arguments show
that Theorems 3.1 and 3.2 actually hold in the derived category of mixed Hodge modules,
which gives the enhanced version
[PkH
i(Mn,L,C)κ] = [Pk−dDγ H
i−2dDγ ((Mn,L′)γ ,C)κ′(−d
D
γ )]
of (116) in K0(HS). 
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